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The aim of this thesis is to gain new insights into the physics underlying the long-term
stability and instability of liquid foams and emulsions in the absence and presence of par-
ticles. By using Finite element based and mesoscopic Lattice Boltzmann techniques along
with the microfluidic tools at our disposal, we tackled this question using two very different,
yet complementary, approaches. In the first part, we went down to the smallest scale of
foam, by observing a single bubble where the particle would straddle at interfaces of thin
films. This brought a novel understanding to the observation that the torque on the particle
is independent of film thickness and was mainly contributed by contact line stresses. We
then precisely calculated the hydrodynamic and dielectrophoretic interactions of a particle
armored bubble treating the bubble as flat surface and showed that its resistance to the mo-
tion was much less for hydrophobic particles compared to other wetting particles while the
dielectrophoretic forces were more for hydrophobic particles as the latter protruded more in
the oil phase. These findings are of utmost importance when designing particle-stabilized
foams and dielectrophoresis-based particle separation techniques because they guide the
choice of the particles to use for a particular application. In the second part, we studied
the foam at a larger scale by mesoscopic simulation, by analyzing the evolution of a large
population of identical bubbles produced in microfluidic geometries. This monodisperse
foam destabilizes through Ostwald ripening or Coarsening toward a well-known self-similar
state. However, we have shown that the transient regime leading to that state is not homo-
geneous in space. The microfluidic model that we develop predicts how the disorder grows
in the foam, which is a valuable asset in applications where an ordered organization of the
bubbles is required resisting foam coarsening. Furthermore, multiscale Lattice Boltzmann
simulations of emulsion drainage based on frustrated long-range interactions are developed
using the images from microfluidic experiment as the initial phase thus providing a global
understanding of emulsion stabilization and drainage dynamics. The key parameters inves-
tigated for particle induced emulsion stabilization were solid particle concentration, particle
size, wettability, heterogeneity and particle shape. The resulting emulsion droplets adopted
pronounced non-spherical polyhedral shapes with time, indicating a high elasticity of the
interface. The stability and the remarkable non-spherical shape of the emulsion droplets
stabilized by the particles were features which bear resemblance with foam stabilization of
bubbles using hydrophobic particles in flotation processes.
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Pattern formation is omnipresent in nature from formation of sand-castles to morphogenesis
(a system of chemical substances, called morphogens, react together and diffuse through
a tissue [Turing, 1952]). The hydrodynamics of particles on the interfaces of thin films
provides insight into the relative motion of particle pairs which are adhered together by
liquid bridges and account for the adhesion of granular material exposed to moisture in
this pattern formation; the dynamics of these bridges control the aggregation and caking
properties of granular matter in geophysical contexts like in avalanche flows and granular
piles [Nowak et al., 2005]. Formation of sandcastles is driven by moisture-induced changes
in granular media due to adhesive capillary forces related to interstitial pendular liquid
bridges between various grains by creating a complex network [Hornbaker et al., 1997].
The hydrodynamics of particles attached to liquid/liquid [Maru et al., 1971] and liq-
uid/vapor [Pergamenshchik, 2009] interfaces has been applied to major scientific and com-
mercially significant systems in biomedicine, materials science [Das et al., 2019], mineral
flotation [Nguyen and Schulze, 2003], detergency and food processing [Ata et al., 2004]. In
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Flotation Process, the capture of hydrophobic mineral particles by bubbles in contrast to
undesirable hydrophilic particles strongly influence the particle separation efficiency. The
homogeneity of such particle-laden foams can be drastically affected by the drainage of the
interstitial phase (the continuous phase between the gas bubbles) and the simultaneous ris-
ing of the bubbles in flotation process (Fig. 1.1a). Due to their large surface areas, foams
are thermodynamically unstable and will eventually perish at long times. The reduction
of the number of bubbles and the concomitant increase in the average size occur primarily
by way of two distinct processes, namely coalescence and coarsening, respectively [She-
ludko, 1967]. Foam drainage is the process during which the liquid initially incorporated
in the foam drains due to gravity, till the attainment of equilibrium liquid volume fraction
[Klarreich, 2000] when the packing fraction of bubbles exceeds a critical value, interfacial
dynamical continuous arrest occurs and the system undergoes a transition, known asJam-
ming.By virtue of this, ’dry foams’ (liquid volume fraction less than φ < 0.05, Fig. 1.1c) are
formed accompanied by topological changes at fluid-fluid interfaces to resemble polyhedra
composed of very thin sheets of material known as the lamella (which separates the inside
gas from the outside) intersecting at junctions called Plateau borders. For φ > 0.15, the
shape of the bubbles becomes round and approaches to sphere (circle in 2D) as φ increases.
This state is called ’wet foam’ (Fig. 1.1b). In higher φ, the system enters ’bubbly liquid’
state, where the bubbles are spherical and do not form contacts with the neighbors and stay
as a dispersion. The bubbly liquid is no longer considered as a foam. The dynamics of such
a bubble cluster are multifaceted and related to a complex interaction between micro-scale
fluid flow inside the lamellae and Plateau borders and the macro-scale motion of the gas
inside the bubbles elucidated in a pioneering study [Saye and Sethian, 2013]. The presence
of solid particles drastically alter the behavior of such multi-phase/multi-component flow
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in foams. Dry foams are usually amorphous (i.e. irregular), except in microfluidic devices
since foams were accurately produced by placing regularly each new bubble.The thin liquid
films forming the faces of the polyhedra are called lamellae and tubes of liquid confined
in a network of interstitial channels are called plateau borders (PBs). These occur at the
junctions of the lamellae (i.e. along the edges of the polyhedra) after Plateau’s law based
on thermodynamic and mechanical equilibrium. The vertices, where typically four Plateau
borders meet, are referred to as nodes. The fluid in the PBs irreversibly flows (drainage),
as a response to gravity and capillarity. Theoretical results from Denkov et al. [Denkov
et al., 2009] show that the spontaneous thinning of films, which gives rise to formation of
confined liquid channels, leads to the jamming of sheared foams.The curvature of the gas-
liquid interface causing the liquid pressure to be lower in the Plateau border than in the
lamella. The resulting Plateau border suction drives a flux of liquid from the lamella into the
Plateau border. In absence of Disjoining pressure which opposes this suction, the lamella
rapidly thins until it eventually becomes unstable and ruptures. The rate of thinning for a
lamella composed of a pure liquid was obtained with the lamellar thickness decreasing as
hL = t
−2 for large times t [Breward C. J. W., 2002]. Modeling the physics of foams and
foam-like materials, such as soapy froths, fire retardants, and lightweight crash-absorbent
structures, presents resolution challenges, because of the vastly different time and length
scales involved. Understanding the dynamics of foam evolution is a key step in controlling
the structure and properties of foam and foam-like materials.
On the other hand, unlike conventional surfactant-based emulsions, droplets in Pickering
emulsions can exhibit frozen aspherical shapes due to the densification of the solid layer.
This solidification could be promoted by attractive particle interactions or jamming of
particles into repulsive contact under the influence of capillary bridges [Denkov et al., 1992].
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(a) Schematic of a Mineral Flotation
process
(b) Wet foam with circular
bubbles
(c) Dry Foam with Polyhe-
dral bubbles
Figure 1.1: Schematic of Flotation Foams and Wet and Dry Foam Structure
It is important to note that particles at fluid interfaces behave as surfactants in many aspects
but there are also many important differences[Binks, 2002]. Pickering emulsions have been
widely used for targeted drug delivery [Frelichowska et al., 2009]. Particles at fluid interfaces
stabilizes the drops such that the transport rate of active biomolecules like DNA and RNA
can be modulated across the fluid interface[Dewey et al., 2014] by controlling the surface
coverage of the drops. Oil in water and water in oil emulsions comprise an important
role in the personal care products in the form of conditioners, shampoos, deodorants etc.
Utilizing particles in lieu of surfactants to enhance the long term stability of emulsions help
to circumvent deleterious effects on skin. Understanding what hydrodynamic mechanisms
dictate interfacial stabilization of a model draining emulsion system would help to provide
a useful tool in designing Pickering emulsions in the future.
Macroscopic Computational Fluid Dynamics (CFD) studies on Coal-Gold Agglomerates
(CGA) exist in lierature, where the CGA differs from Particle-laden foams used in flotation
in terms of density, strength and interfacial interactions [Wu et al., 2004]. In relation to
their functions, both bubble and agglomerate are carriers to collide with and attach mineral
particles, so it seems that there must be more intricate interfacial phenomena which could
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be captured from Microfluidic and Mesoscopic studies. Despite the extensive studies present
in literature governing the adsorption of particles at interfaces of droplets and bubbles in
emulsions and foams respectively, several aspects still remain unclear with respect to the
dynamical aspects in such multiscale multiphasic systems and deserve further investigation
which would have ramifications in elucidating the Oil agglomeration flotation mechanisms.
1.1.1 Literature Review
The wettability plays an important role in the adsorption of particles to fluid interface in
terms of preferential partitioning of particles in both phases [Binks, 2002]. This is why
physics of particles at fluid-fluid interfaces is markedly different from particles in bulk.
For a spherical colloidal particle situated at a fluid-fluid interface, the interfacial energy
of adsorption Eads can be easily calculated to be ∆Eads = −a2γ(1 ± cos θ)2, where a is
the colloid radius, γ is the interfacial tension, θ is the three phase contact angle. Since
this adsorption energy is usually much larger than the thermal energy kBT , such particles
remain indefinitely trapped at a fluid-fluid interface upon adsorption. A colloid in a pair of
solvents is said to exhibit neutral wetting when the solid-fluid Contact angle is the same for
both solvents. The high trapping energy enables particles to effectively stabilize foams and
emulsions by steric hindrance[Tambe and Sharma, 1994; Binks, 2002]. For neutral wetting,
the fluid-solid interfaces have the same total energy regardless of particle position, but the
fluid-fluid interfacial area is reduced, by a disk of radius a, when the particle lies midway
across the interface. The detachment energy for a 2D disk,  is the interfacial energy of this
disk,  = γpia2. Hence, εkBT =
a
a0
2 where a20 =
kBT
piγ (kB is the Boltzmann constant and T
is temperature). Recent attention has focused on the self-organization of the particles at
the interface, and the structure of the resulting monolayer assemblies in different areas of
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research such as pollination[Cox and Knox, 1989], locomotion of microorganisms[Gart et al.,
2011], froth flotation processes in the mining industry [Patra et al., 2012] and in the bottom
up assembly of materials from nanoscale[Velev et al., 1996; Horozov and Binks, 2006] to
mesoscale objects[Bowden et al., 1997]. Experimental studies at fluid-fluid interfaces showed
how ordered structures can be formed and further be utilized in applications such as coatings
(superhydrophobic or antireflection), templates for nanosphere lithography[Burmeister et
al., 1997] and for optoelectronic devices[Prevo et al., 2007]). Such studies on interfacial
self-assembly of colloids depends on a complex interplay of different parameters such as
compression rate, wettability, particle charge, size[Law et al., 2011], electrolyte [Aveyard et
al., 2000; Horozov et al., 2005; Reynaert et al., 2006] and interfacial curvature. Behavior
of coarse particles confined in foam channels or plateau borders during drainage have been
well studied with particle velocities measured at both microscopic (single foam channel) and
macroscopic (foam) scales [Rouyer et al., 2011] as a function of the average velocity of the
liquid flow and of the confinement parameter, λ which is the ratio of particle diameter to the
maximal particle diameter within channel cross-section. At higher particle concentrations,
in a situation similar to the immersion of thin films, the capillary force due to the wetting of
the particles becomes significant. So, it is paramount to link the effect of particle bridging
and interfacial colloidal hydrodynamics in foam lamellae and plateau borders to jamming
phenomena at fluid interfaces, a subject that has been less extensively investigated, but
currently is an area of active interest. Dielectrophoretic forces has been often used to
manipulate uncharged colloidal particles. These forces acting on particles depend on various
physico-chemical parameters like particle charge, geometry of the device, dielectric constant
of the medium and particle morphology. When particles come in close proximity of each
other in an electrolyte in an external electric field, their presence could alter the local electric
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field and thus induce mutual dielectrophoretic (DEP) forces on each other [Ai and Qian,
2010]. When the DEP interparticle interaction dominates the hydrodynamic interaction,
the particle chaining is expected to occur along the direction of the imposed electric field,
independent of the initial particle arrangement [Hwang et al., 2008].
The capability of particle-laden interfaces to stabilize foams and emulsions has propelled
them to be used as template for the manufacture of porous materials, e.g. solid foams.
Foams and emulsions are dispersions of a fluid phase in a liquid phase. The dispersed phase
consists of gas bubbles in foams and liquid droplets in emulsions. These discrete objects
packed together by a phenomenon termed Jamming, which makes foams and emulsions
behave like a complex fluid which could be further elucidated by Herschel Bulkley fluid
model, exhibiting a finite yield stress and a non-linear stress-strain rate behavior. Topo-
logical rearrangements occur during the thinning of a 2D Foam until a configuration is
obtained where Plateau’s laws are held true linking drainage and geometry. Any such re-
arrangement process in foam can be decomposed into two elementary processes namely T1
and T2 [Durand Marc, 2006]. In a recent study, flow of a pressure-driven foam through a
straight channel using numerical simulations based on Durian’s bubble model has examined
the effects of a tuneable attractive potential between bubbles [Menon et al., 2016]. Film
rupture has been observed to occur during reorganization events (T1) induced by bubble
coarsening, which is particularly rapid in the case of small bubbles as a primary mechanism
for foam film destabilization [Bricen˜o Ahumada et al., 2016]. The T1 process corresponds to
the flip of foam film while T2 process relates to disappearance of foam cells. As the bubbles
get tightly packed due to fluid drainage, the foam is pressed down and the bubbles cannot
move freely around one another. When the packing fraction of elementary bubbles exceeds a
critical value, dynamical arrest occurs and the system undergoes a kind of transition, known
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as jamming. Goyon et al [Goyon et al., 2010] also showed that drainage could be induced by
shear once the applied stress exceeds the yield stress in the macroscopic system. Above the
jamming point, a yield stress σY emerges and the material flows like a complex fluid. Below
σY , the material deforms elastically. A suitably extended, two-species, mesoscopic lattice
Boltzmann model, capable of reproducing many features of microemulsions, such as struc-
tural arrest, anomalous viscosity, aging under shear [Roberto and Chibbaro Sergio, 2009]
and spatial correlations among plastic rearrangements with cooperative effects [Dollet B.,
2015] in other soft matter systems like foams is now being applied to study foam drainage.
Korner [Korner, 2002] conducted a series of studies using Lattice Boltzmann method to
simulate the growth and formation of an Aluminum metal foam using a single phase model
where particles get confined within cell walls and induce a repulsive disjoining pressure
there. This disjoining pressure is responsible for the high foam stability generally observed.
The treatment of moving liquid/liquid and liquid/gas interfaces within the framework of
the Lattice Boltzmann Algorithm is not unknown in the literature and a formalism had
to be developed to fulfill the macroscopic boundary conditions, force equilibrium and mass
conservation.
Computational studies provide an economical alternative to experiments in some cases,
circumventing the obstacles that confront them. The lattice Boltzmann method, in partic-
ular, is appropriate for simulations involving complex and moving geometry, making it very
attractive for simulating particle-laden fluid flows [Chen et al., 1992]. There is often a great
deal of complexity involved in representing a finite-sized particle in a numerical simulation,
especially one that is free to move. Finite Element simulations can structure their elements
to conform to the shape of the particle, but the mesh must be updated as the particle moves.
The lattice Boltzmann method has the advantage of being performed on a fixed, Cartesian
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grid. The difficulty presents itself in the form of mapping the particle onto the fixed grid;
however, the lattice Boltzmann method is particularly adept at handling such issues. The
particle presence is felt by applying boundary conditions at the fluid nodes in the vicinity
of the entire surface of the particle, taking into account the exact position of the particle as
its boundary cuts the fixed mesh. As the particle moves, the imposed boundary conditions
are updated based on the new position and velocity of the particle.
There are only few studies that directly capture the transition between dry and wet
foam where the foam is composed of a non-homogeneous mixture of various bubble sizes.
Thus, fundamental questions still remain as to whether a clear transition exists between wet
and dry foams and what macroscopic parameters characterize the transition and whether
there are any scalable rheological changes occurring during foam drainage phenomena that
encompasses the wet to dry foam transition which has been recently studied experimen-
tally using high speed videography for standalone foams [Kurita et al., 2017].To study the
wet to dry transition and examine the changing response of foam as the gas fraction is
varied, a simulation of dry two-dimensional (2D) monodisperse dispersion of droplets in a
liquid which forms the ordered honeycomb structure is considered using our two component
Lattice Boltzmann Model. Numerical challenges arise in the convergence of the Lattice
Boltzmann Simulations for high-viscosity ratios (χ = 1) of the two phases in foams. Some
work exist in literature using the Phase field Method [Connington et al., 2015] exist to ad-
dress these numerical instabilities but is yet not completely resolved. Our mesoscopic model
agrees thus provide a convenient framework to rationalise the flow of complex fluids like
emulsions (χ = 1) and establish the connection to the physicochemical hydrodynamics of
foams in the field of soft-glassy materials. Long range interactions namely disjoining pres-
sure are implemented to prevent undesirable droplet coalescence. In addition, the surface
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tension acting at the edge of the emulsion causes the deformation and the rearrangement
of the droplets. The numerical model we propose to use offers two distinct advantages
that are rarely present together. On one hand, it gives a realistic structure of the emulsion
droplets, like the Surface Evolver method [Cox and Janiaud, 2008]; at the same time the
model gives direct access to equilibrium and out-of-equilibrium stresses [MLA Sbragaglia,
2012]. To complement the drainage mechanisms studied in our system, we compare our
multiscale simulations of emulsion droplets based on the lattice Boltzmann method with
experiments involving microfluidically generated foams. The simulations are further ex-
tended to investigate dynamic simulation of colloidal particles in a draining emulsion by
coupling the Newtonian dynamics, electrostatic and hydrodynamic interactions mimicking
an Oil-agglomeration flotation process.
1.1.2 Gaps in the Current Knowledge
A careful analysis of the literature yields that all studies so far on shearing 2D foams and
emulsions have been focused and the accompanying topological changes. But there is at
present little understanding of the mechanisms responsible for that structural evolution
when emulsions are draining and particle entrainment in draining emulsions as function
of particle size, shape, hydropbobicity and heterogeneity from microscopic and mesoscopic
point of view. Therefore, it is of high importance to measure the rheological properties of
draining emulsion flow and see the effect of microstructural evolution and physicchemical
properties of the particles on the hydrodynamic phenomena. These are our motivations for
carrying out a series of simulations starting from a single straddling particle on a flat fluid
interface to identify the mechanisms involved in microstructural evolution for the flow of
foam lamellae and plateau borders.
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The proposed project will advance understanding of hydrodynamics of Pickering Emul-
sions and Foams in two potentially transformative ways. a. Firstly, we will study the
hydrodynamics of particles along interface as well as inside of thin films emulating foam
lamellae and plateau borders by employing Computational Fluid Dynamics (CFD) based
Finite Element Method in Low Reynolds number regime. It will provide the first theoreti-
cal predictions for the conditions (particle size, shape wettability and heterogeneity) under
which stability of evolved foams against drainage could be achieved. Calculations will be
extended to study the hydrodynamic and dielectrophoretic interaction of particles at the
fluid interfaces as they get surrounded by a thin liquid film when a normal capillary force
forms between nearly touching particles, acting in a direction parallel to the line connecting
the particle centroids.
b. Secondly, it will provide predictions of the final topology and disjoining pressure
with interplay of fundamental forces at the interface which govern the evolving emulsion
stability thereby enabling study of the effect of interacting particles on jamming transition
in a multiscale framework. The importance of particle wettability and shape on emulsion
droplet topology will be highlighted using mesoscopic Lattice Boltzmann Method. Our
model will further incorporate suspension properties, hydrodynamic and electrostatic re-
pulsive interaction between the particles in a gravity-driven particle-laden emulsion like a
flotation process of mineral recovery. To complement our analysis, we propose to compare
the simulations of dense emulsion drainage based on the lattice Boltzmann method with
Microfluidic experiments of Foam drainage.
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1.1.3 Hypothesis and Critical Questions
The aim of this thesis is to investigate the interfacial behavior of particles on thin films and
their ability to act as stabilizers for foams and emulsions undergoing drainage both theoret-
ically and experimentally. We hypothesized that the presence of the hydrophobic particles
would stabilize the gravity-driven draining pickering emulsions from coalescence while the
hydrophilic ones ,being unattached to droplets, would sediment and that the hydrodynamic
interactions between the multiple particles is independent of foam lamella thickness. To
test this hypothesis, both qualitative and quantitative comparisons between simulated and
real foam is performed by visual inspection of the foam structures and calculating the drag
and torque on the particles. The large degree of similarities and the understanding of
discrepancies show the viability of the present Continuum and Mesoscopic Simulations of
particle-laden interfacial flows and emulsion drainage despite the numerous restrictions and
simplification of the model. A major aim of the simulations presented here is to clarify
the origins of morphological changes in the cellular structure of jammed emulsions and
particle-laden emulsions. Gaining a profound physical understanding of the emulsification
process and thus of the evolved emulsion structure gives an enlightening of the sensitivity
to focus on the main parameters of influence for revising and optimizing foaming and flota-
tion processes for specific applications. Our preliminary studies raised several fundamental
questions about correspondence between particle surface chemistry and foam and emulsion
hydrodynamics which we address in this thesis.
1. How does wettability, shape and size of particles affect the hydrodynamic resistance
to colloid motion in foam lamella and plateau borders? Does hydrodynamic and
dielectrophoretic interaction play a critical role?
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2. How the presence of meniscus on straddling particle at gas-liquid interfaces gives rise
to capillary torque and resist particle rotation?
3. What are the length and time scales with which thinning and rupture takes place
leading to droplet coalescence in dynamically evolving emulsion in a multiscale frame-
work?
4. What is the interplay of coarsening and drainage in the topological rearrangement
in emulsions and foams? Will there be breakup or coalescence in a sheared two-
dimensional monodisperse emulsion and foam?
5. How multiple hydrodynamically interacting particles affect stability of draining pick-
ering emulsion and the droplet coalescence cascade as function of interfacial charac-
teristics of the particles?
6. How to take into account the effect of contact angle hysteresis due to particle hetero-
geneity on drag and torque calculation on single particle at fluid interface?
As will be seen, the above identified research questions have been answered to a good
degree in the research described in Chapters 1-5. The main contributions of the thesis can
be summarized into five general items:
1. By virtue of our continuum simulations, we have discovered the differences in the be-
havior of the drag and torque coefficients for colloids on the surfaces of solid-supported
liquid films as opposed to free lamellae and plateau borders in foams as the film thick-
ness decreases leads to a fundamental difference in the dependence of the particle
translational and rotational velocities on this thickness when subject to an external
force along the surface. For a rotating particle, the viscous resistance to rotation was
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shown to be finite only if there is slip at the particle/liquid interface at the contact
line. Even for small slip, the resistance to rotation is dominated by the contact line
stress, and only marginally affected by the opposite surface. For the rotation of a
particle on a semi-infinite liquid layer, the rotational resistance is largest when the
particle just breaches the interface from the liquid side.
2. We have reported the particle-fluid-electric field interactions between two colloids to
investigate the effects of the imposed electric field in conjugation with hydrodynamic
interaction at fluid interfaces as function of the initial particle’s orientation and inter-
particle distance and their relative motions at a fluid-fluid interface. During the
attractive motion of colloids, we found that the velocities of hydrophilic colloids tend
to dramatically increase due to the rapid increase in the repulsive hydrodynamic
pressure force when the particle distance decreases to a certain value.
3. We have provided the first numerical evidence that the two-species mesoscopic Lattice
Boltzmann Model applied to study hydrodynamics of draining emulsions with and
without shear is capable of reproducing many distinctive features of soft material
behavior such as slow relaxation and caging effects. The droplet coalescence cascade
was found to occur through a three-step mechanism: thinning of films, film rupture,
droplet coalescence and rearrangement. The model permits us to track the time
evolution of 2D micro and nanoemulsions of tens of microns in size, over time spans
close to the millisecond, i.e., at space-time scales of hydrodynamic interest.
4. We report unprecedented results on the bubble size distribution due to foam drainage
and coarsening and show that there is a non-trivial correlation with the underlying
rheology in the microfluidic experiment. These features, not previously reported for a
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confined draining foam, lend further support to the idea of metastable arrested states,
originally invoked for concentrated emulsions thus demonstrating a good agreement
between the numerical simulations and the experiments.
5. For hydrodynamically interacting charged particles adsorbed at the liquid interfaces
in Pickering emulsion, we reported that particles jamming at liquid interfaces alter the
shape and curvature of local liquid interface. Depending on the value of the contact
angle, the colloids do not attach to the droplet interface get adhered to the emulsion
droplets. Within our mathematical model, we reestablish the strong correlation of the
adsorption energetics on the particle wettability and shape in stabilization of draining
Pickering Emulsions.
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Chapter 2
Hydrodynamics of a Single
Straddling Particle on Air/Water
Flat and Curved Interface
When colloids are attached to the interface of a thin liquid film (either on solid supports
or with a free boundary), their hydrodynamics become complicated as they translate and
rotate along the surface because the colloid hydrodynamically interacts with the opposite
surface (Fig. 2.1a).The presence of these bounding surfaces changes the resistive shear
stresses exerted on the colloid by the fluid, which in turn affects the colloid’s translational
and rotational velocities. Several studies, using a continuum framework, have examined
the translation of a spherical colloid along a fluid interface separating a gas phase from a
semi-infinite, Newtonian liquid phase in a flow regime where inertial effects are negligible,
i.e. the Reynolds number, Re = ρUa/µ 1 where a is the colloid radius, U the velocity,µ
and ρ the liquid viscosity and density respectively. The interface on which the colloids
are confined is assumed to be flat (with the contact line perfectly circular, Fig. 2.1a).
In fact, a colloid can locally deform the interface if it is acted on by a force normal to
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the interface, e.g. gravity which can create a depression (or elevation) for a colloid with
density ρs larger (smaller) than the liquid. The fluid interface can also deform due to the
viscous fluid stresses which develop in the underlying liquid as the colloid moves along the
surface[Dorr and Hardt, 2015]. In either case, the interfacial deformation is resisted by the
restoring force of the surface tension, γ. If surface tension forces are large enough relative
to the normal force (Bond number, Bo = |ρs − ρ|ga2/γ  1) or viscous forces (capillary
number, Ca = µUa/γ  1) deforming the interface, the surface remains approximately flat
up to the three phase contact line. In this case, the immersion depth is then only given by
the contact angle (Fig. 2.1a. d/a = 1 + cos(θ)). Under the above two assumptions, the
equations for the colloid motion are linear (Stokes flow) and the flow can be divided into
two realizations (Fig. 2.1b) - one in which the the colloid is moving under an applied lateral
force but not rotating, and the second in which the colloid is rotating but not translating.
2.1 Introduction
In this chapter, numerical solutions were developed for the translation and rotation of a
colloid moving on the surface of a planar thin film which is bounded from below by a solid
wall or a free surface, accounting for both the interfacial motion [Das et al., 2018a] (as in
the semi-infinite studies) and the colloid-lower surface hydrodynamic interaction (as in the
studies in which the colloid is fully immersed and in proximity to an adjacent no-slip or
zero-stress interface). Furthermore, the solutions were extended for translating colloid on a
curved interface of a foam plateau border (Fig. 2.2). As in the earlier studies, inertialess flow
and a flat interface with a circular contact line will be assumed. Both the translational and
rotational parts of the problem were being addressed (Fig. 2.1). To alleviate the contact line
singularity and allow the colloid to rotate, the Navier slip condition was used on the colloid
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surface with a small slip coefficient λ/a that we fix at 0.01 which would be characteristic
for a 1 µm colloid and a slip length of 10 nm. Numerical solutions for the drag and torque
coefficients for translation and rotation are obtained using a finite element solver (COMSOL
Multiphysics). Similar finite element models (FEM) using COMSOL Multiphysics has been
implemented to solve Stokes equations for a sphere in bulk of a rectangular channel under
Poiseuille flow conditions [Hood et al., 2015]. The cases of a film on a solid support, and on
a free-interface were being separately studied, and in both the effect of the film thickness
h/a was considered, with the contact angle being that of a neutral wetting colloid (cos(θ)=0,
d/a=1). Finally, a more detailed study is given on the rotation of a colloid on the surface
of a semi-infinite liquid, and the rotational coefficients are computed as a function of the
immersion depth. The discussion uses the drag and torque coefficients to detail sliding and
rotating regimes for a colloid moving under a constant force applied along the interface of a
free film, and a film on a solid support. The governing equations and boundary conditions
for each of the two problems on a planar as well as curved liquid film are outlined here. The
mass conservation (incompressibility constraint) and the Stokes equations take the form:
−∇p+∇2v = 0, (2.1)
∇ · v = 0, (2.2)
where ∇2 is the Laplacian, v is the local fluid velocity field non-dimensionalized by U the
velocity of the colloid (or Ωa), p is the pressure normalized by
µU
a
(or µΩ), where µ is the
viscosity of the liquid.
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Figure 2.1: (a) Schematic representation of a sphere translating and rotating on the free interface of a
planar thin liquid film on either a solid support or on a free lamellae and (b) free body diagram of the
decomposition of this motion in Stokes flow.
(a) Sedimentation of a sphere inside a foam
channel
(b) Sedimentation of a sphere along inter-
faces of liquid foams
Figure 2.2: a)Schematic representation of a sphere translating either through the bulk of a foam channel
or the free interface of a Curved Plateau border of a foam channel
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2.2 Mathematical Formulation and Methods
As shown in Fig. 2.1 [Pitois et al., 2009; Rouyer et al., 2010], because the motion is assumed
to be at low Reynolds number, the flow is governed by the Stokes equations of motion which
are linear in the fluid velocity. The boundary conditions on the velocity are also linear, and
the free interface positions are planar and fixed. Therefore, the translational and rotational
motion of the colloid can be expressed as the sum of a purely translational motion and
a purely rotational one. The equations (and boundary conditions) for each of these two
motions are formulated and solved separately, and the drag and torque coefficients are
obtained from these solutions. For both problems, at the planar top free interface (i.e.
the air/liquid surface), the velocity normal to the surface (y direction) is zero and the




· nf = 0
where nf is the normal vector to the upper air/liquid interface, nf = eˆy and the gradients
in fluid velocity are evaluated at the fluid interface. Similarly for the bottom surface, if the
surface is a solid the velocity is required to be zero. If the bottom surface is a free interface,
the normal velocity (y direction) and the tangential shear stresses are zero. The bounded
computational domain is detailed in the supplementary information (see Fig. A1a), and the
domain is taken large enough in the x and z directions so that the results are independent
of these bounds. At the bounding sides of the computational domain which are parallel to
the x axis, the velocity is required to be zero. For the bounding surfaces in the z direction,
which represent the flow direction for both motions, the upstream velocity is set equal to
zero and the downstream pressure is set equal to zero.
At the surface of the solid colloid, the kinematic boundary conditions are formulated
to include slip at the interface, as is required to allow the colloid to rotate. In the case
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of translation, the colloid velocity (nondimensionally) is equal to eˆz , where eˆz is the unit
vector in the z direction (see Fig. 2.1). The normal component of this velocity is equal to
the fluid velocity at the surface (vs), i.e. n · (eˆz − vs) = 0, where n is the local (outward)
normal to the colloid. Denoting by t a unit tangent vector to the colloid surface and
τs = ∇v−∇v† the (nondimensional) viscous stress tensor evaluated at the surface, the slip
condition becomes:
t · (eˆz − vs) = λ
a
(n · τs · t) (2.3)
Note that this tangential slip condition is formulated for two orthogonal tangential directions
on the surface. For the purely rotational case, the (dimensionless) rotational velocity vector
of the surface is eˆx where eˆx is the unit vector in the x direction (see Fig. 2.1) and the
tangential velocity is given by eˆx × (xp − xo) where xp and xo are position vectors on the
colloid surface and center, respectively (scaled with a). The normal component of the fluid
velocity at the surface is zero (n · vs = 0), and the tangential slip condition is given by
t · (eˆx × (xp − xo)− vs) = λ
a
(n · τs · t) (2.4)
The hydrodynamic flow generates a traction and torque on the surface of the translating











(xp − xo)× (σ · n) ds. (2.6)
where ΓP denotes the portion of the colloid surface in contact with the liquid, and σ =
−pI + ∇v − ∇v† is the total stress tensor. From the computed traction and torque, the
drag and torque coefficients are computed.
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(a) Schematic geometry (b) Mesh around translating
sphere
(c) Mesh around rotating sphere
Figure 2.3: Mesh resolution around straddling sphere
The hydrodynamic equations and boundary conditions for each of the flow realizations
were solved using the COMSOL Multiphysics numerical software which uses the finite ele-
ment method to solve the field equations and boundary conditions. Briefly, in this technique,
the variables are discretized as sums over a set of basis (approximating) functions defined
over local spatial domains (three dimensional elements) for which the computational do-
main is partitioned, and the tessellation of the domain is designed to merge smoothly with
the boundaries of the domain.
2.2.1 Computational: Finite Element Method
A solid spherical colloid with radius a, performing either a translational motion along the
z axis or a rotation around the x axis [see Fig. 2.1a] at the origin of Cartesian coordi-
nate system is located in the computational volume of a rectangular box of dimensions
250a(in z) ×Ma(iny) × 250a(in x) where M varies from 1.2 − 35 to account for different
film thicknesses and to achieve semi-infinite conditions [see Fig. 3.2a]. The values used for
the z and the x dimensions insured that the results did not depend on the lateral dimensions
of the box (i.e. the interface was infinite in extent). Reduction of the box size to 200a×200a
resulted in values of the drag and torque coefficients that changed from the 250a × 250a
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results by less than a few percent.
The mesh for the finite element solution of the fluid equations is built of connected
tetrahedral elements and is constructed in such a way that the mesh tessellation is generally
much finer in the immediate vicinity of the sphere. For the case in which the colloid
translates, a typical mesh is shown in Fig. 3.2b for the tessellation at the free interface. For
the case in which the colloid rotates, the large gradients in velocity at the contact line (even
with the use of a slip coefficient) necessitated a finer mesh near the colloid (by a factor
of 10) than the local mesh used in the case of translation. An example of a typical mesh
for a rotating sphere is given in Fig. 3.2c including the tessellation at the sphere surface.
In particular, as noted by Yulil et al [Shikhmurzaev, 2006], fine mesh parameterization
removed spurious vortices near the corners of the rotating sphere in order to obtain accurate
values in particular for the torque coefficient due to rotation. Finally, in the cases where
the distance between the bottom interface and the bottom of the sphere surface or (for
complete immersion) the top free surface and the top of the sphere become of the order of
the radius of the sphere finer meshes were constructed in this gap. We note that as the
mesh around the sphere becomes finer, inversion of the finite element matrix becomes more
difficult and leads to long computational times.
2.3 Results and Discussions
2.3.1 Hydrodynamics of a Sphere on the Interface of a Thin Film resting
on a Solid Surface
In this section, the hydrodynamic drag and torque coefficients exerted on a translating
and rotating colloid straddling an air/liquid interface above a thin liquid film on a solid
substrate are being calculated. Starting with the kinematics: Fig. 2.4a gives an illustration
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Figure 2.4: Streamlines and map of the fluid velocity in the x = 0 symmetry plane of the flow in the thin
liquid layer underneath a colloid translating in the positive z direction with velocity U along the film surface
in (a) the lab frame in which the colloid is translating, and (b) in the particle frame in which the liquid is
approaching the stationary sphere in the −z direction. (c) Streamlines and map of the fluid velocity in the
x = 0 plane of the flow in the liquid layer underneath a sphere rotating counterclockwise around the x axis
with velocity Ωa at the interface of the film for (a) the entire film and (d) in the immediate vicinity of the
contact line. The thickness of the layer is h/a=2.14, the contact angle is pi/2 and the slip length λ/a is .01.
of the flow field around a colloid only translating along the interface with velocity U in the
z direction in the reference frame in which the substrate is stationary. The thickness of the
film relative to the colloid radius is h/a = 2.14 (so that film thickness is slightly large than
the particle diameter 2a)and contact angle θ = pi/2.The slip length at the colloid surface
λ divided by the colloid radius a is 0.01 (
λ
a
= .01). λa → 0 is being used to retrieve the
no-slip boundary condition. The figure shows the fluid velocity vectors in the stationary
frame of the substrate, in a plane (the y− z plane) which is perpendicular to the substrate
and cuts the sphere in half. Hence in this plane the flow field is symmetric with respect
to x, and the velocity in the x direction is equal to zero. The displayed magnitude of the
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vectors are proportional to the magnitude of the velocity. The color scheme in the figure





/U . The flow shows fore-aft symmetry about z = 0 because the flow Reynolds
number is very small (creeping flow). The surface flow at the gas/liquid interface is evident.
The upward and downward shapes of the flow streamlines aft and forward of the moving
sphere is due to the forward motion of the sphere, and the fact that the free interface is
required to remain flat. So, fluid is drawn up aft of the sphere, and is pushed down in
the forward direction. The flow field in the reference frame of the moving colloid is shown
in Fig. 2.4b. In this case, as expected, liquid flows around the stationary colloid, moving
downward on the upstream side of the colloid, and moving upward on the downstream side.
Adding to the velocity field in this reference frame a uniform motion in the −z direction
yields the flow field depicted in Fig. 2.4a.
Figure 2.5: Shear stress distribution (τ ′rφ) along the sphere surface in the plane x = 0 as a function of φ
measured from the bottom pole of the colloid for a colloid with d/a = 1 on the surface of a thin film above
a solid (h/a = 2.14), above a semi-infinite liquid (h/a = 2.14) and when completely immersed in an infinite
medium. (a) λ/a = .01 (b) λ/a = .05.
The flow streamlines for the case in which the colloid is rotating (but not translating)
counterclockwise about the x axis with angular velocity Ω in the symmetry plane x = 0 is
given in Fig. 2.4c and d in the lab fixed frame, for the same values used for translation,
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i.e. θ = pi/2 , h/a = 2.14 and λ/a = 0.01. (As in Fig. 2.4a, displayed velocity vectors
and the magnitude of the velocity are all scaled with Ωa.) The figure makes clear that the
disturbance flow caused by the rotation is more localized around the sphere than in the case
of the translating colloid (compare Fig. 2.4a and 2.4c). This can be understood from the
difference between the decay of the fluid velocity for rotating and translating spheres in an
infinite medium, where the velocity decays as the inverse of the distance from the sphere
center (i.e. 1/r) for the translating case, and 1/r2 for the rotating case. Of more interest is
the flow detail in the immediate vicinity of the contact line (Fig. 2.4d) where the velocity
(scaled by the non-dimensional velocity of the rotating sphere, Ωa) has to sharply change
direction from normal to tangential to the surface. This change gives rise to large velocity
gradients in the immediate vicinity of the contact line. Note that the magnitude of the fluid
velocity at the sphere surface in the contact line vicinity is much smaller than the velocity
of the rotating sphere itself. However, further away from the contact line (i.e. towards the
bottom of the colloid), the velocity of the fluid in the immediate vicinity of the rotating
sphere is much larger and equals the rotating velocity of the sphere. The reason is due
to the large shear stresses on the rotating colloid at the contact line. These large stresses
give rise at the corner to a difference between the fluid velocity adjacent to the rotating
colloid and the velocity of the colloid surface itself (slip) in accordance with the Navier slip
condition (v′φ(s) − Ωa) =
λ
µ
τ ′rφ(s) where v
′
φ(s) is the (dimensional) rotational fluid velocity
(about the x axis) at the surface and τ ′rφ(s) is the (dimensional) shear stress exerted by the
liquid on the sphere in the rotating (φ) direction. The velocity difference is proportional
to the slip coefficient multiplied by the stress, and even though the slip coefficient in the
simulations is small (λ/a = .01) the large stresses account for the observable slip. Away
from the contact line, but still in the vicinity of the surface, the shear stresses are smaller
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and the fluid hardly slips. This accounts for the higher velocities observed for the fluid in
the immediate vicinity of the rotating colloid and away from the contact line.
The shear stress (τ ′rφ(s)) in the plane x = 0 exerted on the rotating colloid (scaled by µΩ)
is plotted in Fig. 2.5a as a function of the angular position φ along the surface measured
from the bottom pole of the colloid. Because of the symmetry about the x = 0 plane, this is
the only component of the shear in this plane and it is clear that as the three phase contact
line is approached (φ = pi/2) the stress increases by two orders of magnitude relative to the
value at the bottom of the sphere (i.e. nearest to the wall (φ = 0)). This increase reflects
the large velocity gradients at the contact line region that creates a large viscous dissipation.
In contrast, also plotted in the figure is the shear stress for the case in which the sphere is
totally immersed in the liquid phase and τ ′rφ(s) is nearly uniform, as required by symmetry,




for λ/a = .01. (The values in the figure for this completely submerged case correspond
to an immersion depth of d/a=15, and a film thickness h/a = 30; at these values, the
effect of the free interface and the solid wall on the rotation are negligible.) Also plotted
in Fig. 2.5a is the shear stress profile (τ ′rφ(s)(φ)) for the case in which the solid substrate
is infinitely far away. (Numerically, this is achieved for h/a = 15.0; for larger values the
stress profile changes by less than one percent.) From the figure, it is clear that the stress
distribution is slightly less relative to the case of a finitely thick film (h/a = 2.14) in the
vicinity of the wall, but is approximately equal as the contact line is approached. The larger
value near the wall reflects the small (1/r2 ) interaction of the rotating surface with the wall.
However, as the contact line is approached, and the stress becomes elevated due to the large
velocity gradients, the effect of the wall becomes negligible and the stress is determined by
these large velocity gradients. When the slip coefficient is increased, the shear stress at the
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contact line is reduced due to the increased slip at the surface of the rotating colloid. In
Fig. 2.5b, τ ′rφ is plotted as a function of φ for λ = .05/a, and note that the increase in slip
by a factor of five from λ/a = .01 (Fig. 2.5a) results in an decrease in the maximal stress at
the contact line by the same factor. However, note that the increase in slip from λ/a = .01
to .05 results in a decrease in the shear stress only in the vicinity of the contact line; away
from the contact line (0 < φ < 1.4) the shear stresses are identical.
Figure 2.6: Normalized drag and torque coefficients for colloid motion on the surface of a thin film atop a
solid substrate: a) drag coefficient (kt′D) for a translating colloid, b) coefficient for the torque generated by
a translating colloid (kt′T ) or drag coefficient generated for a rotating colloid (k
r′
D), c) coefficient of resistive
torque (kr′T ) for a rotating colloid all as a function of film thickness and slip length equal to 0.01 and
normalized by value atop a semi-infinte medium, and d) Normalized coefficients of resistive torque (kˆrT ,
scaled by value completely immersed in an infinite medium) as function of film thickness for a rotating
colloid for two different slip lengths λ/a = .01 or 0.05 as a function of thickness. The contact angle is pi/2.
From the solutions for the velocity field for pure translation (along the surface) or pure
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rotation (around the x axis parallel to the surface), the hydrodynamic drag and torque
exerted by the viscous liquid film on the colloid due to the liquid stresses generated by the
motion are being computed. In the case of translation in the z direction (Fig. 2.1b), the
resistive drag force in that direction (µaUktD) is being normalized by the value of the drag
when the underlying phase is semi-infinite. Due to the symmetry of the flow imposed by
the zero stress condition at the free surface (τyx = τyz = 0) the drag on a colloid with




(correcting for the finite slip). This normalized drag coefficient kt′D as a
function of the liquid film thickness h/a is being plotted in Fig.2.6a. As expected, as the film
thickness h/a decreases, the drag increases due to the stronger hydrodynamic interaction
with the solid substrate as the dominant resistance is the shear stress exerted on the colloid
by the liquid. As the gap between the colloid and the substrate becomes very small, the
drag increases dramatically due to the strong viscous lubrication forces in the intervening
layer.[Chan PC-H., 1977]. For Fig. 2.4a, for which case d/a = 1, this dramatic increase
begins at h/a ≈ 3 which represents a gap of one colloid diameter. For larger values of the
thickness, the interaction with the wall disappears, and the normalized drag approaches the
value for the drag for a semi-infinite medium, i.e. one due to the normalization.
As noted in the Introduction, the colloid translates along the surface, the shear stress
exerted on the colloid by the shear flow in the underlying liquid (Fig. 2.1b) exerts a torque
on the colloid which acts to rotate the colloid in the clockwise direction around the x axis if
the translation is in the positive z direction. In an infinite medium translation does not give
rise to a net torque because of the symmetry of the shear stress around the colloid. But in
the case of the colloid straddling an air/liquid interface, the viscous stress in contact with
the liquid is not compensated by any shear in the air phase and consequently a net torque is
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exerted on the floating colloid. The normalized torque coefficient kt′T is being defined as the
torque exerted on the floating colloid divided by the torque on the colloid in the case in which
the film is infinite in extent (h/a → ∞), i.e. the colloid translates over an infinitely thick
film. The latter torque was computed by Brenner et al [M. E. O’Neill, 1985], who calculated
it analytically using series solutions of the Stokes equations in spherical coordinates (only
appropriate for d/a = 1) as a function of the slip length λ. Fig. 2.6b plots the normalized
coefficient as a function of h/a (normalized by the Brenner et al. value), and see that the
torque due to the translation increases as the film thickness decreases due to the increase
in the shear stress as the translating colloid becomes closer to the wall due to the larger
velocity gradients which develop as the translating colloid comes in proximity to the wall.
In the case of pure rotation of the colloid at the surface (about the x axis parallel to
the interface, see Fig. 2.1b) the resistive torque exerted by the shear stress in the liquid
due to the colloid rotation is being computed, and normalized with the torque exerted in
the case in which the liquid layer is semi-infinite and the immersion depth d/a = 1 (neutral
wetting). The latter value was computed by Brenner et al. [M. E. O’Neill, 1985] for d/a = 1
and arbitrary λ/a, and is used for the normalization. Plotted in Fig. 2.6c is the normalized
coefficient kr′T as a function of h/a and note that although an increase in the normalized
coefficient is observed, the increase is much smaller than the increase in the normalized
drag coefficient kt′D. The reason, as shown in Fig. 2.5a for h/a = 2.14, is that most of the
resistance to the rotation arises from the corner of the three phase contact line where the
shear stress is the largest due to the large velocity gradients. Note that in the vicinity of
the contact line this large shear stress is essentially the same for both the case of a finite
liquid layer (h/a = 2.14) and a semi-infinite layer. Away from the contact line and in
the vicinity of the wall, the surface shear stress is slightly larger than the value for the
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semi-infinite case due to the hydrodynamic interaction with the wall. This small increase
accounts for the increase observed in the torque coefficient. When the slip on the surface is
increased from λ/a = .01 to λ/a = .05 and the stress at the surface of the rotating sphere is
consequently reduced in the vicinity of the contact line (compare Fig. 2.5a and 2.5b), the
resistive torque due to the rotation decreases. The torques due to rotation for λ/a = .05
and .01 in Fig.2.6d are being plotted where each is normalized by the torque due to rotation
in an infinite medium (i.e. 8piµa3Ω). Although the shear stress has decreased in proportion
to the increase in the slip, the torque only decreases logarithmically as the increase in the
shear is restricted to the vicinity of the contact line. This logarithmic dependence on the
slip coefficient was also recognized by Brenner et al [M. E. O’Neill, 1985] for the case of a
colloid rotating at an interface for d/a = 1 where they show that krT ' K1 lnβ +K2 where
K1 ' 4.5 and K2 ' 2.5.
The resistive stress exerted on the surface of the floating colloid as it rotates counter-
clockwise around the x axis generates a torque which not only resists the rotation, but also
causes the colloid to translate along the interface in the negative z direction (Fig. 2.1b)).
This viscous force for a colloid rotating on the surface of a film of a given thickness h/a
with an immersion depth d/a = 1 is being calculated, and normalized with the correspond-
ing value when the underlying liquid is semi-infinite (again as determined by Brenner et
al. [M. E. O’Neill, 1985]). This normalized coefficient, kr′D, is plotted as a function of h/a
in Fig. 2.6b. The coefficient increases rapidly with a decrease in the film thickness when
the gap thickness becomes of the order of the colloid diameter (h/a ≈ 3) due to the large
velocity gradients which develop in the gap between the rotating sphere and the wall. More
importantly, Fig. 2.6b shows that for the same value of the film thickness, the cross coeffi-
cients of the torque due to translation (kr′T ), and the drag due to rotation (k
r′
D) are equal as
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required by the reciprocity relations.
Figure 2.7: (a) Sketch of streamlines and map of the fluid velocity in the x = 0 symmetry plane of the
flow for a sphere translating in the positive z direction with velocity U along the interface of a thin film with
free interfaces on both sides, (b) streamlines and map of the fluid velocity in the x = 0 symmetry plane of
the flow around a sphere rotating counterclockwise (around the x axis with velocity Ωa) at the interface of
a thin film bound by free interface sand (c) flow streamlines in the immediate vicinity of the contact line.
The thickness of the layer is h/a=2.14, the contact angle is pi/2 and the slip length λ/a is .01. Displayed
velocity vectors and the magnitude of the velocity are all scaled with Ωa.
2.3.2 Hydrodynamics of a Sphere on the Interface of a Thin Lamella
Similar to the above, the hydrodynamic drag and torque exerted on a translating and
rotating spherical colloid straddling an air/liquid interface on a thin liquid film bounded
by a free interface on the other side e.g. a foam lamella has been calculated. Because
the opposite interface is stress free, the hydrodynamic interaction of the colloid with the
opposite film face is weaker relative to the case of a film on a solid substrate. As will
become apparent, the presence of a bounding stress-free interface allows the colloid to
translate and rotate with a hydrodynamic resistance which is reduced even with respect to
the translation or rotation of a colloid on an interface above a semi-infinite liquid, and this
resistance decreases considerably as the film becomes thinner.
Fig. 2.7a shows the the flow field in the symmetry plane around a colloid translating
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with velocity U in the z direction in the reference frame in which the liquid is stationary,
for the same values of the film thickness (h/a = 2.14), contact angle (θ = pi/2) and slip
coefficient (λ/a = .01) as in the case of the solid support. Compared to the flow over a
solid substrate (Fig. 2.4a), no sharp velocity gradients are observed on the underside of
the colloid, as the bottom air/liquid interface now moves with a velocity approximately 3/4
of the colloid velocity. Hence the lower boundary does not contribute a strong frictional
resistance. In addition, because of the greater mobility of the lower interface, the upward
and downward shapes of the flow streamlines fore and aft of the colloid are almost negligible.
The flow streamlines for the case in which the colloid is rotating (but not translating)
about the x axis with angular velocity Ω in the symmetry plane x = 0 is given in Fig.
2.7b in the lab fixed frame, for the same values used for translation, i.e. θ = pi/2 , h/a =
2.14 and λ/a = 0.01. As with case of translation of the colloid along the surface of the
lamella, no large velocity gradients develop as the bottom free interface moves with a
velocity approximately one-half of the velocity of the rotating sphere. The detail of the
flow at the three phase contact line (Fig. 2.7c) is similar to that for a sphere rotating at the
interface of a film on a solid support, confirming that the details of the flow at the contact
line are not significantly affected by the mobility of the lower interface of the film. However,
the velocity gradients at the contact line are slightly smaller relative to the case in which
the sphere rotates on a film above a solid support (compare Fig. 2.7c and Fig. 2.4d).
The normalized drag coefficient for translation (ktD), and the normalized resistive torque
due to rotation (ktT ), both normalized by the values for motion and rotation above a semi-
infinite liquid, are reported in Fig. 2.8a and Fig.2.8c as a function of h/a for λ/a = .01
and θ = pi/2. Both coefficients show a reduction in hydrodynamic resistance relative to
the semi-infinite case because of the presence of the stress free interface and absence of any
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Figure 2.8: a) Normalized drag coefficient (kt′D) as function of film thickness for a translating sphere along
the interface of a free lamellae, b) normalized cross coefficients as function of film thickness for either a
translating or rotating sphere above a free lamellae and c) normalized resistive torque coefficient (kr′T ) as
function of film thickness for a rotating sphere on a free liquid lamellae. The contact angle is pi/2 and the
slip length λ/a is .01 d) Normalized coefficients of resistive torque as function of film thickness for a rotating
sphere atop a free lamellae for two different slip lengths λ/a = .01 and 0.05. The contact angle is pi/2.
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strong viscous lubrication forces in the gap between the colloid and the bottom interface.
In the case of the drag coefficient the reduction is significant and becomes more pronounced
as the film thins. The percent decrease is approximately the same as the percent increase in
drag for the translation on a film over a solid substrate. However, in the case of the resistive
torque, the decrease in the hydrodynamic friction (relative to the semi-infinite value) with
a decrease in h/a is small as this resistance is dominated by the stresses at the contact
line. This is similar to the case for the rotation of a colloid on the surface of a thin film
above a solid substrate, where the increase in the resistive torque with h/a is again marginal
because of the dominance of the contact line stresses. Fig. 2.8d gives the resistive torque
(θ = pi/2) as a function of h/a for two values of λ/a (0.01 and 0.05), normalized by the bulk
value (8piµa3). As in the case of the solid substrate, the resistive torque is smaller for the
case of larger slip for any h/a. Interestingly, for rotation on the surface of a lamella, the
resistive torque coefficient decreases for small h/a to a very low value for the colloids with
a relatively large slip ( λ/a = .05).
The normalized cross coefficients - the torque due to translation and the drag due to
rotation - are plotted in Fig. 2.8b as function of h/a for λ=.01 and θ = pi/2 and it is
evident that because the opposite interface is stress free and the hydrodynamic interaction
is reduced, these coefficients (for a given h/a) are smaller than those for colloids on the
interface of a semi-infinite liquid. The figure also shows that the two numerically computed
coefficients are approximately equal; their equality is required by the reciprocity theorem.
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2.3.3 Hydrodynamics of a Sphere on the Surface of a Semi-Infinite flat
Liquid Layer
In this section. the hydrodynamic drag and torque exerted on a translating and rotating
spherical colloid straddling an air/liquid interface above a semi-infinite liquid have been
calculated, and the effect of the immersion depth (contact angle) on the hydrodynamics has
been studied which in the calculations in the prior sections was fixed at θ = pi/2 or d/a=1.
From the asymptotic behavior of the drag or torque coefficients as a function of h/a (e.g.
Figs. 2.6 or 2.8) it is clear that the semi-infinite drag and torque coefficients are achieved
for h/a approximately equal to 10 or larger, and here the film thickness has been fixed
to 35 for semi-infinite conditions. Assuming that the liquid underlying the interface is an
aqueous phase, Figs. 2.9a, 2.9b, and 2.9c demonstrate the flow field around a hydrophobic
(θ = 7pi/8, d/a = 0.2), neutral (θ = pi/2, d/a = 1) and hydrophilic θ = pi/8, d/a = 1.8
colloid, respectively, translating along the interface with velocity U in the positive z direction
in the laboratory frame with slip coefficient λ/a = 0.01. As would be expected, the more
hydrophilic the colloid is, the greater its penetration in the liquid phase and larger is the
hydrodynamic disturbance and the net viscous stresses exerted on the colloid.
In Fig.2.10a, the normalized drag coefficient kt′D has been plotted as a function of the
immersion depth of the colloid into the liquid, d/a. For immersion into a semi-infinite




). kt′D is found to increase monotonically with an increase in
the immersion depth (i.e. decrease in three-phase contact angle) until the colloid becomes
fully immersed, and reaches the asymptotic value of Stokes drag when d/a is of the order
of 10. This semi-infinite calculation has also been undertaken in several studies in the
literature, e.g. for straddling spheres (0 < d/a < 2) by Brenner et al [M. E. O’Neill,
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1985] and Pozrikidis and for a sphere fully immersed in the liquid (d/a > 2) by [Luo and
Pozrikidis, 2008] and [Anthony M.J.Davis, 1994]. As evident in the figure, their results are
in agreement with the finite-element calculations over the complete range of d/a. (Note
that the literature results are for a sphere with no-slip while the present calculations are for
λ/a = 0.01; the presence of a small slip does not effect the drag coefficients (and also the
cross coefficients, see below). However, as a result of the stress singularity at the vicinity of
contact lines which recede or advance over a solid surface under no slip-conditions, a small
slip on the solid (sphere) surface has a strong effect on the resistive torques due to rotation.)
Figure 2.9: a) Streamlines and velocity maps for the motion in the x = 0 symmetry plane for a colloid
translating in the positive z direction with velocity U on the surface of a semi-infinite liquid in the laboratory
frame for λ/a = 0.01 and a) a hydrophobic (θ = 7pi/8, d/a = 0.2), (b) a neutral (θ = pi/2, d/a = 1) and (c)
a hydrophilic θ = pi/8, d/a = 1.8) colloid assuming the liquid to be water. Streamlines and velocity maps for
the motion of the fluid underneath a colloid rotating counterclockwise around the x axis with velocity aΩ
on the surface of a semi-infinite liquid in the laboratory frame for λ/a = 0.01 and d) a hydrophobic rotating
colloid (θ = 7pi/8), e) a neutrally wetting (θ = pi/2 colloid and f) a hydrophilic (θ = pi/8) colloid.
The cross coefficient for the torque exerted on the colloid due to the translation (kt′T ) as
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a function of d/a is plotted in Fig. 2.10 b, normalized by the maximum torque coefficient
for a just immersed d/a = 2 colloid translating in the liquid phase. In this case, when the
colloid is just immersed in the liquid, the torque exerted by the translation is very small
since the wetted contact area is close to vanishing. The coefficient then increases rapidly
with immersion depth until the colloid is half immersed (d/a = 1) and then starts decreasing
as the colloid becomes completely immersed (1 ≥ d/a ≥ 2). As the torque is driven by the
asymmetry in the shear stress (in the y direction) exerted by the liquid on the colloid due
to the translation (see Fig. 2.1), as the immersion becomes larger than d/a = 1, the shear
stress at the top and bottom of the colloid become balanced and the torque tends to zero. A
zero torque coefficient, which is characteristic of the torque exerted on a translating colloid
which is completely immersed is achieved for d/a ≈ 10. The other cross coefficient, i.e.
the normalized drag due to rotation(kr′D, normalized with corresponding maximum is also
plotted in Fig. 2.10b, and is equal to kt′T as required by the reciprocity condition.
The pure rotation of the colloid as a function of the immersion depth presents some
interesting results concerning the effect of changing the contact angle (immersion depth) on
the resistive torque exerted by the liquid on the colloid. Figs. 2.9d, 2.9 e, and 2.9 f show the
streamlines for the hydrophobic, neutrally wetting and hydrophilic colloids, respectively. It
is clear that for the large contact angle of the hydrophobic colloid, θ = 7pi/8, the streamlines
are less curved in the immediate vicinity of the contact line and the velocity gradients
are therefore much smaller than the prior cases of neutrally wetting colloid rotating on
the surface of thin films atop solid substrates or free lamellae (see Figs. 2.4c and 2.7d,
respectively), and the cases of neutrally wetting and hydrophilic colloids rotating on the
surfaces above a semi-infinite liquid (Figs. 2.9e, and 2.9f).
The normalized resistive torque due to pure rotation of the colloid, kr′T (nondimen-
CHAPTER 2. HYDRODYNAMICS OF A SINGLE STRADDLING PARTICLE ON
AIR/WATER FLAT AND CURVED INTERFACE 39
Figure 2.10: a) Normalized drag coefficient (kt′D) as function of immersion depth d/a for a translating
sphere atop a semi-infinite domain, b) Normalized cross coefficients as function of immersion depth for a
sphere either translating or rotating atop a semi-infinite domain c) normalized resistive torque coefficient
(kr′T ) as function of immersion depth for a rotating sphere above a semi-infinite domain d) normalized
resistive torque coefficient as a function of the immersion depth in the vicinity of the interface. In a-d, the
slip coefficient λ/a = .01 and a comparison with literature values is shown.
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sionalized by the resistive torque when the colloid is completely immersed in the liquid,
8piµa2
1 + 3λ/a
), is plotted in Fig. 2.10c. The resistive torque increases as the immersion depth
increases (contact angle decreases) due to the larger velocity gradients which develop as the
cusp angle in the contact line region becomes smaller. This increase in the local velocity
gradients in the contact line region is also clear in the streamline figures (Figs. 2.9d, 2.9e,
and 2.9f), and the elevation in the gradients raises the viscous dissipation accounting for
the increased resistive torque. The resistive torque reaches a maximum when the immersion
depth approaches 2 and the contact angle approaches zero, i.e. when the colloid is highly
hydrophilic. For this case, the colloid is (from below) just touching the interface. The
resistive torque is finite because the surface of the colloid has finite slip (λ/a = .01). As the
immersion depth increases beyond 2, the contact line disappears and its contribution to the
resistive torque vanishes as well. Because of this, the resultant resistive torque for d/a > 2 is
due only to the viscous drag around the rotating colloid. As the now completely immersed
colloid descends further into the liquid phase (d/a ≥ 2) the resistive torque decreases until
the Stokes value for rotation in an infinite liquid is reached. Because of the assumed slip on
the colloid surface, the resistive torque is continuous through the point at which the colloid
breaches through the interface (i.e. d/a = 2). Plotted in Fig. 2.10d is the resistive torque
calculated by Davis et al [Anthony M.J.Davis, 1994], who obtained solutions for d/a ≥ 2
using eigenfunction expansions in bispherical and tangent sphere coordinates for the case in
which the colloid interface has zero slip. For this case, the resistive torque becomes infinite
as the colloid just touches the interface from the completely immersed side due to the stress
singularity at the contact line as liquid advances on one side and recedes on the opposite
side of the rotating sphere. The resistive torque remains infinite as the colloid straddles
the interface (0 < d/a < 2). Fig. 2.10d makes clear that as d/a tends to 2 from the liquid
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side, the computed coefficients are smaller than those of Davis et al [Anthony M.J.Davis,
1994] because of the assumption of a small but finite slip (λ/a = .01). Far enough from
the interface in the liquid (d/a = 2.1) or a gap separation distance of one-tenth of a radius,
the effect of the finite and small slip is not important and the calculations agree with the
no-slip calculations of Davis et al [Anthony M.J.Davis, 1994].
2.3.4 Hydrodynamics of a Sphere on the Surface of a Curved Foam Chan-
nel
We develop a model to elucidate the effect of film thickness of a thin liquid layer on the
drag and torque for a translating and rotating sphere using a CFD based approach. We
started our simulations by choosing a semi-infinite liquid domain and determined the di-
mensionless drag and torque coefficients on the particle for the two separate problems for
various penetration depths.
In this section, we plot the flow streamlines of a translating spherical colloid of radius
a straddling an air/liquid interface of a foam channel, and we focus on the effect of the
immersion depth (contact angle) and particle to bubble size ratio (RP /RB) on the hy-
drodynamics. Figs. 2.11a and 2.11b demonstrates the flow field around a small (7.5µm)
particle, respectively, translating along the foam interface with velocity U in the z direction
in the reference frame of the liquid while 2.11c and 2.11d demonstrates the flow field around
a bigger (50µm) particle. Clearly, larger is the particle confined in the liquid phase in the
corner of the foam channel, larger is the hydrodynamic disturbance and greater are the
viscous stresses exerted on the particle. When the particle is translating along the interface
of the foam channel, the hydrodynamic disturbances are negligible for a small particle Fig.
2.11e than in a bigger coarse particle Fig. 2.11f (100µm) particle as in the latter case,
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Figure 2.11: Sketch of streamlines in the x = 0 symmetry plane in which (a) a small colloid is translating
along the center of the foam channel in the z direction (b) a small colloid is translating along the corner of
the foam channel in the z direction (c) a large colloid is translating along the center of the foam channel in
the z direction (d) a large colloid is translating along the corner of the foam channel in the z direction and
the slip length λ/a is .01 (e) a small colloid is translating along the interface of the foam channel in the z
direction and (f) a large colloid is translating along the interface of the foam channel in the z direction
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the large particle blocks a considerable portion of the foam channel and the velocity of the
liquid increases to twice that of the particle in the corners of the channel where the liquid
is pushed through the narrow spaces and by virtue of equation of continuity, the velocity is
increased.
We plot in Fig.2.12b, the dimensionless velocities of the fluid in the reference frame
of particle against the corresponding sphere positions and cross-check with results from
literature for different confinement parameters of the particle. We plot in Fig.2.12c, the
normalized drag coefficient ktD as a function of the immersion depth of the particle into the
liquid phase d/a. For immersion into the liquid phase, the drag coefficient is normalized
by the Stokes drag on a particle which is completely immersed (i.e. 6piµa). ktD is found
to increase monotonically with an increase in the immersion depth (i.e. decrease in three-
phase contact angle) until the particle gets fully immersed, and reaches the asymptotic
value of Stokes drag when d is of the order of 10a. The increase in drag is non-linear in
nature until the colloid just becomes immersed (d/a = 1) at which point the drag coefficient
increases slowly to the Stokes value and the increase in drag is consequently found to increase
considerably beyond the immersion depth of 1.
The torque exerted on the particle due to the translation (ktT ) as a function of d/a
is plotted in Fig. 2.12d, normalized by the torque coefficient for a fully immersed particle
rotating in Stokes flow (8piµa2). In this case, when the colloid is just immersed in the liquid,
the torque exerted by the translation is very small since the wetted contact area is close to
vanishing. The coefficient then increases rapidly with immersion depth until the particle
is half immersed (d/a = 1) and then starts decreasing as the particle becomes completely
immersed (1 ≥ d/a ≥ 2). As the torque is driven by the asymmetry in the shear stress
(in the y) direction exerted by the liquid on the particle due to the translation, after half
CHAPTER 2. HYDRODYNAMICS OF A SINGLE STRADDLING PARTICLE ON
AIR/WATER FLAT AND CURVED INTERFACE 44
(a) (b)
(c) (d)
Figure 2.12: a) Schematic of hydrodynamics of a translating colloid along a foam interface, b) Normalized
velocity as function of x coordinate for a translating sphere above a free foam interface for several size ratios
c) Normalized drag coefficient (kt′D) as function of immersion depth for a translating sphere above a free foam
interface, d) Normalized torque coefficient as function of immersion depth for a translating sphere above a
free foam interface for two different particle to bubble size ratios, slip length of particle λ/a is .01
immersion the shear stress at the top and bottom of the colloid become balanced and the
torque tends to zero. A zero torque coefficient, which is characteristic of the torque exerted
on a translating particle which is completely immersed is achieved for d/a ≈ 10. The torque
is substantially increased for a larger particle.
Discussion and Conclusions
In this study, a finite element numerical scheme (implemented by COMSOL) is being used to
obtain solutions for the flow field for a spherical colloid (radius a) translating and rotating
along a planar interface atop either (i) a thin liquid film on a solid support, (ii) a thin
free liquid lamella or (iii) a semi-infinite liquid phase (see Fig. 2.1a). Inertial effects were
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neglected so that the flow in the liquid was a Stokes flow. The air/liquid interface atop the
thin liquid layers, or the semi-infinite liquid phase, was assumed to be flat up to the contact
line of the colloid straddling the interface, as capillary forces were assumed larger than
viscous forces so that the interface remains undeformed. With these assumptions, the flow
was decomposed into realizations in which the colloid either only translates or only rotates
on the surface (Fig. 2.1b), and the drag and torque coefficients due to the motion for each
of these cases were obtained from the hydrodynamic solutions. For colloids straddling the
interface of thin liquid films, the case of neutral wetting with the colloid half immersed in
the liquid (i.e. the immersion depth d is equal to a or the contact angle is pi/2) is of primary
interest. The drag exerted on a translating colloid was found to be a strong function of the
thickness of the film relative to the colloid radius (h/a), and whether the opposite face of the
film was solid boundary or an air/liquid interface. For a colloid translating on an interface
of a liquid film above a solid substrate, the drag coefficient (ktD) ) increases significantly
as the film thickness decreases to the order of the colloid radius (h/a → 1) due to the
large velocity gradients (and hence large viscous lubrication forces) as a result of the strong
hydrodynamic interaction of the moving colloid with the stationary bottom wall (Fig. 2.6a).
For a colloid translating on an interface of a free lamella, the drag coefficient decreases as
(h/a→ 1) because the mobility of the bottom free interface does not allow strong velocity
gradients to develop (Fig. 2.8a). To study the hydrodynamics of the rotation, the colloid
surface was assumed to have finite but small slip (characterized by the Navier slip coefficient
λ which was set to .01a). For a colloid with a no-slip surface which straddles the surface
and rotates, viscous stresses become infinite along the contact line since this boundary
moves relative to the surface. Hence the net resistive torque exerted on the colloid by the
fluid becomes infinite and the colloid with a no-slip surface cannot rotate. Even for this
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Figure 2.13: Velocity U and rotation Ω for a colloid attached to an air/liquid interface and subject to an
external force F along the surface as in Fig. 2.1a for a) a film on a solid support and (b) a free liquid film.
The colloid is assume to be half-immersed at the interface (d/a = 1) and the slip coefficient is λ/a = .01 .
small slip coefficient, the resistive torque exerted by the liquid on the rotating colloid was
dominated by the stresses developed at the contact line as the coefficient for the resistive
torque (krT ) was not a strong function of h/a (Figs. 2.6c and 2.8c). In the case of a colloid
on the interface above a semi-infinite liquid layer, the influence of the immersion depth was
studied. For translation the drag coefficient increased monotonically and continuously as
the colloid becomes more immersed in the liquid (0 < d/a < 2) gradually experiencing
the Stokes drag for a colloid in an infinite medium for d/a of order 10 (Fig. 2.10a). The
increase in resistance results from the greater immersion into the liquid, and the resultant
increase in the viscous traction. For rotation the resistive torque increases with immersion
up to the point at which it becomes just completely immersed (d/a = 2). This increase
results from the development of the large viscous stress at the contact line as the contact
angle decreases and the increasingly smaller wedged shape region creates increasingly large
velocity gradients (Figs. 2.9d, 2.9e, 2.9f and 2.10c). As the colloid becomes completely
immersed in the liquid, the resistive torque coefficient begins to decrease since the contact
line contribution is removed and the torque coefficient decreases to the value in an infinite
medium.
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Chapter 3
Pairwise Interaction between
Multiple Particles on Flat
Air/Water Interface
3.1 Introduction
Among the long-range interactions hydrodynamic interactions play a superordinate role,
since they affect the interaction dynamics between small particles in close vicinity, as e.g.
through the viscosity of the surrounding fluid. Comprehensive information about the inter-
action between two equal spheres in low-Reynolds-number flow is needed in many interfacial
flow phenomena. The term interaction refers in this context to the relations that exist be-
tween the force, the couple and the stresslet that each sphere exerts on the fluid, the ambient
flow and the velocity and angular velocity of each sphere. Although a large amount of data
on these functions is available in the literature, it is not comprehensive enough to meet the
demands of recent applications especially when the particles are of various hydrophobicity
(immersion depth). The insufficiency of the data is partly due simply to the fact that a
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large number of functions must be studied, but more significantly it is due to the amount
of detail that is required in the study of each function. For example, the functions have
singularities which are awkward to resolve from numerical tabulation, but which require
special attention because of the critical roles they play in calculations of the properties of
suspensions. Among the functions defined in the literature to describe the hydrodynamic
interactions between particles, we study here the resistance functions defined by Brenner et
al [Brenner and O’Neill, 1972] and the mobility functions defined by Batchelor [Batchelor,
1976]. Measurement of such hydrodynamic forces leading to coupling between Brownian
polymeric colloids has been performed using Cross-correlation Spectroscopy [Bartlett et al.,
2001]. Hydrodynamic interaction between two colloids moving in tandem in a suspension
has been imaged using Confocal microscopy and the resistance forces have been measured
using Optical tweezers [Sriram and Furst, 2015]. Hydrodynamics has been the dominant
inter-particle interaction in haematite colloids translating above a floor [Driscoll et al., 2017],
which is distinctly different from many other systems of rotating magnetic particles, where
dynamics is found to be a strong function of inter-particle magnetic interactions. Only a
few studies have investigated the hydrodynamics of multiple interfacial particles. These
studies are typically concerned with the dynamics of small clusters of particles [Dani et al.,
2015] or the macroscopic effect of the collective motion of many particles on the dynamics
of liquid-liquid interfacial structures. To the best of our knowledge, the interfacial drag on
pairwise hydrodynamic interaction between particles of various wettability have not been
considered in the literature.
The linearity of the Stokes equation implies that each of the matrices bij can be decom-
posed into a pair of mobility coefficients, which describes motion either along the line of the
centres or perpendicular to it, where the coefficients, Aij and Bij , detail the longitudinal
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and transverse mobilities, respectively. The method of reflections introduced by Smolu-
chowski which is an approximate method for calculating the force exerted on two small
spheres moving in Stokes flow is employed to solve the unsteady problem. The particles are
supposed to be sufficiently close to each other to interact hydrodynamically but sufficiently
distant from boundary walls so that the surrounding fluid is regarded as infinite. Earlier
fundamental studies of the relative motion of two spheres under Stokes-flow conditions have
been based on a multipole expansions technique [Jeffrey and Onishi, 1984] or bispherical
coordinates [O’Neill and Majumdar, 1970; Stimson and Jeffery, 1926]. The system of bi-
spherical coordinates permits one to satisfy boundary conditions simultaneously on two
spheres. For a larger number of particles, it is not generally possible to find coordinate
systems that simultaneously satisfy all the boundary conditions. Thus, a simplified method
of reflections is used here that gives the solution as an infinite series and can simply be
extended to include additional particles.
The dominant attractive capillary forces are caused by overlapping interfacial deforma-
tion stemming from undulation of the contact line around the perimeter of the particles
trapped at the interface. The meniscus around the particles can be expanded to a super-
position of capillary multipoles. For colloids, the leading term in interfacial deformation is
a quadrupole, which occurs due to surface roughness and chemical heterogeneity. The rela-
tive orientation of particle quadrupoles governs capillary interactions between the particles.
There are a number of such methodologies in the literature that take this approach including
molecular dynamics, Lattice Boltzmann, Diffuse-Interface Field Approach or Phase Field
Dynamics.
The pairwise hydrodynamic interaction between approaching particles involves the extra
resistance due to the fluid drainage between the particles. The pairwise hydrodynamic
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Figure 3.1: Schematic of a) Hydrodynamic Interaction between colloids at Air/Fluid Inter-
face b) Capillary Undulations for Colloids at Fluid Interface
interaction of two colloids trapped at an interface and moving along their line of centers, and
the validity of the multiplicative approximating formulas for the Stokes drag for this motion
is being tested here assuming absence of thermally activated fluctuations at the interface
of three-phase contact line leading to enhanced interfacial drag [Boniello et al., 2015]. The
particles are supposed to be sufficiently close to each other to interact hydrodynamically
but sufficiently distant from boundary walls so that the surrounding fluid is regarded as
infinite. Irrespective of the driving forces, the effect of the hydrodynamic interactions
between colloids of different wettability at fluid interfaces remains an unexplored area.
This work investigates the hydrodynamic interactions between two colloids.The results are
eventually cast as computation of the four mobility coefficients as function of inter-particle
separation for three different contact angles. The pairwise interaction between particles
of mutual approach can result from various inter colloidal forces such as gravity induced
capillary attractions, capillary quadrupoles and dipolar as well as octopular electrostatic
repulsions between particles (if they are charged).
Particles in a close proximity alter the electric field and create local non-uniformity in
the electric field between particles. Due to this asymmetric electric field, dielectrophoretic
particle-particle interaction forces come into play. Dielectrophoresis refers to the motion
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of polarized particles under a spatially non-uniform electric field. Attractive chaining phe-
nomenon of individual particles is the basis of DEP assembly technique. When an electric
field is imposed in a particle suspension, the presence of particles locally distorts the electric
field. If the mutual DEP force arising from the particle-particle interaction is attractive,
particles tend to approach each other and eventually form a chain.
Figure 3.2: Schematic representation of the Dielectrophoretic set-up
Recently, Hwang et al. experimentally observed the chaining and alignment of a pair of
spherical particles initially presenting an angle with the external electric field, as a result
of the DEP particle-particle interaction force [Hwang et al., 2008]. Ai et al [Ai and Qian,
2010] studied dielectrophoretic particle-particle interaction with their relative motion in
the suspending media by adopting the arbitrary Lagrangian-Eulerian (ALE) method.By
balancing dielectrophoretic and hydrodynamic forces, we have demonstrated the feasibility
of using dielectrophoretic assembly as a robust particle chaining process and have given
insight into the assembly mechanism in this chapter by virtue of our COMSOL Multiphysics
simulations.
3.2 Governing Equations and Methodology
To develop a mathematical model, we consider two identical spherical particles suspended in
an incompressible Newtonian fluid confined in a square domain with density ρ and dynamic
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viscosity µ, as shown in Figure 3.1. The midpoint of the line connecting two particles
coincides with the center of the square domain, which is selected as the origin of the 2D
Cartesian coordinate system (x, y). The side length of the square and the radius of the
particles are, respectively, Land a. The center-to-center distance of the two particles and the
angle between the x-axis and the connecting line of the two particles are, respectively, R and
θ. The surface of the two colloids suspended in the first quadrant and the third quadrant are,
respectively, Γ and Σ. The domain enclosed by the sides of the square except for the particle
is selected as the computational domain. An electric field, E, generated by an externally
electric potential applied from inlet AB to outlet CD, induces the dielectrophoretic particle-
particle interactions and their relative motion of the particles. The dashed lines show the
location and shape of the two particles under one time step during their DEP motion (Fig.
3.2), and the dotted lines show the trajectories of their motion.
To ensure the accuracy and feasibility of the simulation results, some important param-
eters of the particle, flow field, and electric field used in this study are listed. Since the
effect of particle gravity is not considered in this paper, the particle density is set to be
the same as the density of the fluid. The particle permittivity and conductivity are set as
p = 2.50 and σp = 4.0×10−4S/m, respectively, where the quantity 0 is the permittivity in
vacuum. The fluid medium used in this simulation are crude oil and water. Its density and
dynamic viscosity are set as ρf = 1.0× 103kg/m3 and η = 1.0× 10−3kg/(ms), respectively.
Besides, the fluid permittivity and conductivity are set as f = 800 and f = 2.0× 102S/m,
respectively. The fluid field is square and the corresponding side length is set as L = 20a.
If the particle is neglected, the electric field is uniform, as the electric potential applied on
the segment AB is 20 V and CD is 0 V.
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3.2.1 Hydrodynamic Equations
For the purposes of modeling the motion of a pair of colloidal particles straddling a gas/liquid
interface, hydrodynamic drag forces and inter-particle capillary undulating forces, we as-
sume that the fluid interface is flat up to the three phase particle contact line of the colloids,
and that the particles (of equal radius a) are trapped at a constant immersion depth (d into
the upper gas phase) moving only along the plane of the interface (Fig. 3.1 ). When an
applied lateral force acts on the particle to drive the translation, the translational velocities
are obtained by computing the net hydrodynamic drag using COMSOL Multiphysics based
on the governing equations and boundary equations from Chapter 1. The translational
motion can be resolved into four modes of motion. In the first problem, the two spheres
approach each other with equal but opposite velocities, i.e.
U1 = U2 = U eˆz (3.1)
with Ω1 = Ω2 = 0 In the second problem, the two spheres follow each other with equal
velocities, i.e.
U1 = U2 = −U eˆz (3.2)
with Ω1 = Ω2 = 0 For two widely separated neutrally wetting spheres which approach each
other, the force on sphere 1 is then given by











f2k+1 (λ) (1 + λ)
−2k−1 l−2k−1 (3.5)
with f0 = 1, f1 = 3λ, f2 = 9λ, f3 = −4λ + 27λ2 − 4λ3, f4 = −24λ + 81λ2 + 36λ3,
f5 = 72λ
2 + 243λ3 + 72λ4, f6 = 16λ+ 108λ
2 + 281λ3 + 648λ4 + 144λ5, l is center to center
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inter-particle separation. However, for nearly touching spheres,








For spheres which move in tandem like in case of Problem 2, the force on sphere 1 is then
given by




We now consider motion perpendicular to the line of centers as the particles translate in
opposite directions as stated in Problem 3 and define:
U1 = −U2 = −U eˆx (3.9)
with Ω1 = Ω2 = 0 For widely separated spheres:
F = µ(Y A11 − Y A12)U, (3.10)
Y A11(l, λ) =
∞∑
k=0
f2k (λ) (1 + λ)
−2k l−2k, (3.11)





f2k+1 (λ) (1 + λ)
−2k−1 l−2k−1 (3.12)
For nearly touching spheres:
Y A11 = g2 (λ) ln(ξ




(1 + λ)Y A12 = g2 (λ) ln(ξ
−1)− 1
2
(1 + λ)AY12 (λ) + g3(λ)ξln(ξ
−1) (3.14)
For spheres which move in tandem perpendicular to their lines of centres as stated in
Problem 4, the force on sphere 1 is then given by
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To calculate particle trajectories along the interface for the purposes of assembling the
statistics of two-particle clustering and times for cluster formation, the horizontal force
balance on each of the particles is given by:
FDrag + FAttraction + FRepulsion = 0, (3.17)
(3.18)
where all forces lie on the plane of the interface.
3.2.2 Equations for Capillary Interaction Forces
Micron-sized prolate ellipsoids trapped at an oil-water interface have been found to expe-
rience strong, anisotropic and long-ranged attractive capillary interactions which greatly
exceed the thermal energy thus behaving like spherical capillary quadrupoles [Loudet et al.,
2005]. The particle pair trajectories are simulated by considering a horizontal force balance
on each particle equating the drag (Fdrag) to the capillary attraction force (Fcap). The






where B is the Bond number, and Σ = χa+χw3 − cosθ2 + cos
3θ
6 , lc is the capillary length of the
air-water system, and K1 is a modified Bessel function of the second kind and order 1.This
expression makes clear that as the separation distance decreases, the capillary attraction
increases as the Bessel function increases with a decrease in its argument K1(
l
lc




Although gravity induced capillary attractions dominate the interactions between parti-
cles of the sub-millimeter length scale, they cannot explain the attraction between colloidal
particles and nano-particles on a fluid-fluid interface [Loudet et al., 2005]. The aggregation
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of spheres at the colloidal length scale was attributed to the presence of a rough contact line
at an interface [Stamou et al., 2000]. They solved the linearized Young-Laplace equation
for a single particle straddling a fluid-fluid interface. The assumed that the meniscus defor-
mation around the particle was non-uniform and depended on the azimuthal angle, which
was measured around the axis normal to the plane fluid-fluid interface. For micron sized
particles (and smaller particles), they obtained negligible contributions from the monopoles
and the dipoles. However, the contribution from the capillary quadrupoles, which stems
from undulations of the three phase contact line were found to be significant.For a pair of





If we consider the pinning to be about a circular contact line representing an (average)
equilibrium wetting with a radius rc defined by an (equilibrium) contact angle θ (rc =
asinθ). Assuming the displacement of the contact line from this equilibrium is small relative
to the particle radius, the slope of the meniscus around the particles is much less than
one. Therefore, the menisci shape can be obtained by solving the linearized Young-Laplace
equation subject, to leading order, to boundary conditions on the height of the meniscus
zetai(i = A,B) along the circular contact lines. This displacement is decomposed into
Fourier modes:
ζi = Hmicos {mi (φi − φmi)} (3.21)
where mi is the Fourier wavenumber for particle i(= AorB), Hmi and φmi are the amplitude
and phase angle of this wavenumber, φi is the running azimuthal angle along the boundary
circumference for colloid i. Using bipolar coordinates, exact solutions are obtained for the
interfacial deformation of each mode in the absence of gravitational effects, from which the
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interfacial energy of meniscus overlap ∆Ecap and capillary forces and torques exerted on
the colloids are calculated for any separation distance l. Assuming the mean displacement
of the contact line is equal to zero, the mi = 0 modes are equal to zero and hence does not
contribute to the forces or torques. The mi = 1 modes create menisci around the particles
that generate a torque on each colloid around an axis parallel to the interface; if the particle
is allowed to freely rotate, then these modes become equal to zero for mechanical balance.
Hence mode numbers mi ≥ 2 are considered. For large values of the center-to-center
separation distance l, these solutions recover a a multipole form,
∆Ecap = 2piγ
(mA +mB − 1)!am+n
(mA − 1)!(mB − 1)!lmA+mBHmAHmBcos(mAφmA −mBφmB ) (3.22)
where γ is the surface tension. Hence the leading order term is the mA = mB = 2 or
quadrupole-quadrupole interaction, and for this modal interaction the interaction energy
for l/a ≥ 1 is explicitly given by ∆Ecap = −12piγH2a2sin2δφl−5 corresponding to a force,
Fcap,II = −48piγH2a2cos2δφl−5 parallel to the line of centers. (The negative sign indicates
attraction.) In addition, there exists a force perpendicular to the line of centers, Fcap,perp =
−48piγH2a2sin2δφl−5. Here, δφ = 2(φmA=2 − φmB=2) describes the phase angle difference
or the lack of alignment between the surface displacements of the contact lines for the
mA = mB = 2 modes. These equations make clear that as the surface displacements become
out of phase (∆φ 6= 0), the force along the line of centers can become repulsive, and a force
arises perpendicular to the line of centers. The torque which is generated on misalignment
acts to re-align the colloids. In our simulations we will assume that initially the surface
displacements of the contact lines are aligned, which generates the largest attractive force.
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3.3 Results
A pair of particles of radius a (see Figure. 3.2) straddling a fluid-fluid interface (air-water
interface) and translating along it with arbitrary velocities U1 and U2. To develop a math-
ematical model, we consider two particles suspended in a rectangular domain filled with an
incompressible and Newtonian viscous fluid.The immersion depth of the particles is spec-
ified and can in principle be calculated once the values of the contact angle (θ) is known.
When the particle pairs are close enough to each other, their motion is influenced due
to inter-particle capillary and electrostatic forces. While capillary forces (monopoles and
quadrupoles in this case) lead to aggregation, electrostatic forces are repulsive due to iden-
tical signs of surface charges on each colloid and hydrodynamic drag forces acting on each
particle tend to delay the onset of clustering. These viscous hydrodynamic forces stem from
two types of interactions: (1) Interaction of the each individual colloid with the neighbor-
ing fluid molecules. (2) Lubrication forces which stem from particle-particle hydrodynamic
interactions.
For the case of two hydrodynamically interacting particles, the resistance tensor (R),
which is also the inverse of the mobility tensor (R−1), can be computed by considering four
different types of interparticle hydrodynamic interactions. These interactions are classified
into two sub categories: 1) Squeezing modes : Interactions which stem from relative motion
of particles along their line of center. 2) Sliding modes: Interactions occurring due to the
relative motion of particles perpendicular to their lines of center. Twin multipole expansions
using a general set of boundary conditions have been used to compute the inverse mobility
coefficients for neutrally wetting particles [Jeffrey and Onishi, 1984].
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3.3.1 Inverse Mobility coefficients from Hydrodynamic interaction of Par-
ticle Pairs
In this section, the hydrodynamic drag or inverse mobility tensor exerted on two translating
spherical colloids straddling an air/liquid interface approaching towards each other above
a semi-infinite liquid have been calculated, and the effect of the immersion depth (contact
angle) on the hydrodynamics has been studied. Figure 3.3a shows the schematic of the
motion of the two colloids approaching each other. The slip length at the colloid surface λ
divided by the particle radius a is 0.01(
λ
a
= .01). Assuming that the liquid underlying the
interface is an aqueous phase, Figs. 3.3c demonstrate the flow field around two hydrophilic
(θ = pi/3, d/a = 1.5), neutral (θ = pi/2, d/a = 1) and hydrophobic (θ = 2pi/3, d/a = 0.5)
particles, one translating along the interface with velocity U in the positive z direction and
the other translating in negative z direction with velocity −U in the laboratory frame with
slip coefficient λ/a = 0.01. As would be expected, the more hydrophilic the particle is, the
greater its penetration into the liquid phase and larger is the hydrodynamic disturbance and
the net viscous stresses exerted on the particle accompanied by a quiescent flow region in
between the spheres. Figure 3.3c shows the fluid velocity vectors in the stationary frame of
the substrate, in a plane (the y− z plane) which is perpendicular to the substrate and cuts
the sphere in half. The displayed magnitude of the vectors are proportional to the magnitude
of the velocity. The color scheme in the figure provides the magnitude of the velocity in
the y− z plane scaled by the colloid velocity U, i.e. [v2z + v2y]1/2/U . It is worth noting that
while the force on two touching impermeable neutrally wetting and hydrophilic particles
are singular, they remain finite for hydrophobic spheres since the effect of hydrodynamic
interaction in the latter case is negligible. Note that the added velocity for two spheres
moving towards each other is larger than that of a single sphere because the flow located
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between two spheres experiences a larger acceleration compared to the isolated-sphere case.
We plot in Fig.3.3b the normalized Inverse Mobility Tensor f1 as a function of the inter-
particle separation l/a. As expected, we observe that as l/a decreases, the drag increases due
to the stronger hydrodynamic interaction between the colloids when they are hydrophilic
as the dominant resistance is the shear stress exerted on the colloid by the liquid. As the
gap between the two colloids becomes very small, the drag increases dramatically due to
the strong viscous lubrication forces in the intervening layer. For Fig. 3.3b, for which
case d/a = 1.5, this dramatic increase begins at l/a ≈ 3 which represents a gap of one
colloid diameter. For larger values of the separation, the interaction disappears, and the
normalized drag approaches the value for the drag for a semi-infinite medium, i.e. one due
to the normalization.
Figure 3.4a shows the schematic of the motion of the two colloids move in tandem.




Figs. 3.4c demonstrate the flow field around two hydrophilic (θ = pi/3, d/a = 1.5), neutral
(θ = pi/2, d/a = 1) and hydrophobic (θ = 2pi/3, d/a = 0.5) particles, both translating
along the interface with velocity U in the positive z direction in the laboratory frame with
slip coefficient λ/a = 0.01. As would be expected, the more hydrophilic the particle is, the
greater its penetration in the liquid phase and larger is the hydrodynamic disturbance and
the net viscous stresses exerted on the particle accompanied by a quiescent flow region in
between the spheres. The figure 3.4c shows the fluid velocity vectors in the stationary frame
of the substrate, in a plane (the y − z plane) which is perpendicular to the substrate and
cuts the sphere in half. We plot in Fig.3.4b the normalized Inverse Mobility Tensor f1 as a
function of the inter-particle separation l/a. As expected, we observe that as l/a decreases,
the drag increases due to the stronger hydrodynamic interaction between the colloids when
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Figure 3.3: Schematic of a)Mode of motion when two colloids approach each other b)Inverse
Mobility Tensor of colloids approaching each other as function of Inter-particle separation
c)Streamlines and velocity maps for the motion in the x = 0 symmetry plane for two
particles, one translating in the negative z direction and with velocity −U and the other
in the positive z direction and with velocity U on the surface of a semi-infinite liquid in
the laboratory frame, λ/a = 0.01 for hydrophilic θ = pi/3, d/a = 1.5), neutral (θ = pi/2,
d/a = 1) and hydrophobic (θ = 2pi/3, d/a = 0.5) particles assuming the liquid to be water
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the gap between the two colloids becomes larger but is independent of the immersion depth
of the colloid as the drag increases dramatically due to the strong viscous lubrication forces
in the intervening layer when the separation distance is larger as the colloid does not get
its impetus to motion from the neighboring colloid anymore. One colloid pushes the other
when the inter-particle separation is smaller and so the hydrodynamic resistance is less.
Figure 3.5a shows the schematic of the motion of the two colloids moving in opposite
directions perpendicular to their lines of motion. Figs. 3.5c demonstrate the flow field
around two hydrophilic (θ = pi/3, d/a = 1.5), neutral (θ = pi/2, d/a = 1) and hydropho-
bic (θ = 2pi/3, d/a = 0.5) particles, one translating along the interface with velocity U
in the positive x direction and the other translating with velocity −U in the negative x
direction in the laboratory frame with slip coefficient λ/a = 0.01. Figure 3.5c shows the
fluid velocity vectors in the stationary frame of the substrate, in a plane (the x− y plane)
which is perpendicular to the substrate and cuts the sphere in half. We plot in Fig.3.5b the
normalized Inverse Mobility Tensor f1 as a function of the inter-particle separation l/a. As
the gap between the two colloids becomes very small, the drag increases due to the strong
viscous lubrication forces in the intervening layer in case of hydrophilic particle but less
dramatically than in the case of approach.
Figure 3.6a shows the schematic of the motion of the two colloids move in tandem.




Figs. 3.6c demonstrate the flow field around two hydrophilic (θ = pi/3, d/a = 1.5), neutral
(θ = pi/2, d/a = 1) and hydrophobic (θ = 2pi/3, d/a = 0.5) particles, both translating
along the interface with velocity U in the positive x direction in the laboratory frame with
slip coefficient λ/a = 0.01. Figure 3.3c shows the fluid velocity vectors in the stationary
frame of the substrate, in a plane (the x − y plane). We plot in Fig.3.6b the normalized
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Figure 3.4: Schematic of a)Mode of motion when two colloids translating in tandem
b)Inverse Mobility Tensor of colloids translating in tandem as function of Inter-particle
separation c)Streamlines and velocity maps for the motion in the x = 0 symmetry plane
for two particles, both translating in the negative z direction and with velocity −U on the
surface of a semi-infinite liquid in the laboratory frame, λ/a = 0.01 for hydrophilic θ = pi/3,
d/a = 1.5), neutral (θ = pi/2, d/a = 1) and hydrophobic (θ = 2pi/3, d/a = 0.5) particles
assuming the liquid to be water
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Figure 3.5: Schematic of a)Mode of motion when two colloids translating in opposite direc-
tions perpendicular to their lines of centres b)Inverse Mobility Tensor of colloids translating
perpendicular to their lines of centres as function of Inter-particle separation c)Streamlines
and velocity maps for the motion in the x = 0 symmetry plane for two particles, one
translating in the negative y direction and with velocity −U and another in the positive
y direction and with velocity U on the surface of a semi-infinite liquid in the laboratory
frame, λ/a = 0.01 for hydrophilic θ = pi/3, d/a = 1.5), neutral (θ = pi/2, d/a = 1) and
hydrophobic (θ = 2pi/3, d/a = 0.5) particles assuming the liquid to be water
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Figure 3.6: Schematic of a)Mode of motion when two colloids translating in opposite direc-
tions perpendicular to their lines of centres b)Inverse Mobility Tensor of colloids translating
perpendicular to their lines of centres as function of Inter-particle separation c)Streamlines
and velocity maps for the motion in the x = 0 symmetry plane for two particles, one
translating in the negative y direction and with velocity −U and another in the positive
y direction and with velocity U on the surface of a semi-infinite liquid in the laboratory
frame, λ/a = 0.01 for hydrophilic θ = pi/3, d/a = 1.5), neutral (θ = pi/2, d/a = 1) and
hydrophobic (θ = 2pi/3, d/a = 0.5) particles assuming the liquid to be water
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Inverse Mobility Tensor f1 as a function of the inter-particle separation l/a. As expected
like in the case of tandem, we observe that as l/a decreases, the drag increases due to
the stronger hydrodynamic interaction between the colloids when the gap between the two
colloids becomes larger but is independent of the immersion depth of the colloid as the drag
increases dramatically due to the strong viscous lubrication forces in the intervening layer
when the separation distance is larger. One colloid pushes the other when the inter-particle
separation is smaller.
3.3.2 Simulations of Capillary Undulating Attraction Forces
The particle pair trajectories are simulated by considering a horizontal force balance on each
particle equating the drag (Fdrag) to the Capillary Quadrapolar force (Fcap). Integration
of the force-balance equation provides the inter-particle separation as a function of time,
which can then be compared to the experiments. While it is known that particles have a
tendency of sinking deeper into the interface during approach, we assume, that the pinning
of the meniscus to the sphere does not allow any changes in d and inhibits the propensity
of the particles to sink while mainly being influenced by Capillary Undulating forces. Inter-
Figure 3.7: Inter-particle separation as function of time of approach for three different
contact angles
particle separation Fig. 3.7 is plotted ad function of time for three different contact angles
and is shown to be more when the colloid is hydrophilic as the hydrodynamic resistance is
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more.
3.3.3 Simulations of Dielectrophoretic Attraction of Colloids Straddling
a Fluid Interface
The electrostatic problem can be formulated as follows. Given two dielectric spheres of
specified of equal radii, separated by a specified distance and bearing given charges, in an
imposed electric field that is uniform at a great distance from the spheres. The net charge
density in the entire computational domain is zero because of the thin EDL assumption.
Therefore, the distribution of the quasi-static electric potential is governed the Gauss’s law,
given by
E/ε0 = sinΨ · E⊥ + cosΨ · E‖ (3.23)









n · ez |Em|2 dA (3.24)
When the DEP particle-particle interaction dominates the random Brownian motion, it
is expected to observe the particle chaining along the direction of the imposed electric field,
independent of the initial particle orientation. As particle-particle interactions are mainly
driven by the electric field, we begin our analysis with the electric field distribution and
the corresponding electrostatic interaction (mutual dielectrophoretic) force between them.
Fig. 3.8 shows the electric field distributions when particles are more conductive than the
surrounding media. Due to the higher conductivity of the particles, electric field lines meet
the particle surface at right angles. In this case, the tangential component of the electric
field is near zero, and particles behave like conductors. Higher electric field regions are
created in the regions between the particles. On the other hand, lower electric field regions
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Figure 3.8: Electric field contours of dielectrophoretic attraction between two approaching
spheres as function of immersion depth on the surface of a semi-infinite liquid in the labo-
ratory frame, λ/a = 0.01 for hydrophilic θ = pi/3, d/a = 1.5), neutral (θ = pi/2, d/a = 1)
and hydrophobic (θ = 2pi/3, d/a = 0.5) particles assuming the liquid to be water
are created on the top and bottom of the particles.
The Force field (Maxwell Stress Tensor) for colloids moving under the influence of a
perpendicular Electric Field is plotted as function of inter-particle separation for three
different immersion depths and we find that more the colloid is immersed into the liquid
(oil phase), lesser is the electric field effects as they are nullified by the underlying dielectric
phase. Figure 3.8 shows the effect of electric field intensity on DEP motion. It can be
concluded that the influence of elastic modulus on DEP motion is not obvious. On the
contrary, the electric field intensity has an obvious disturbance effect on DEP motion, so
changing the electric field can perturb the trajectory of the DEP motion effectively. The
higher electric field intensity leads to a longer DEP motion trajectory. This is because a
CHAPTER 3. PAIRWISE INTERACTION BETWEEN MULTIPLE PARTICLES ON
FLAT AIR/WATER INTERFACE 69
Figure 3.9: Plot of Attractive DEP Force Parallel to Line of Centers as function of immersion
depth
larger electric field intensity leads to a stronger polarization of the charge on the particles’
surface, causing greater DEP forces, that leads to more convex trajectories. Based on this
phenomenon, in the actual experiment, the separation and assembly of different particles
can be realized by setting different electric field intensity values.
Initially, a pair of particles attract each other and move toward each other at the same
translational velocity, which is consistent with the previous studies [Ai and Qian, 2010].
Fig. 3.8 shows the electric field around the two particles indicating a reduced electric field
within the gap between the two particles. In the absence of either particle, the asymmetric
non-uniformity of the electric field around the other one will vanish. Apparently, the present
DEP force arises from the simultaneous presence of the two particles, and thus named DEP
particle-particle interaction force. Usually, particles experience a negative DEP pointing
from higher electric field to lower electric field, as shown in Fig. 3.8. As a result, the
attractive DEP force drives the two particles approaching each other as shown by the
negative values of the Maxwell Stress Fig. 3.9, which is the basic principle of particle
chaining observed in many previous experimental studies. In our numerical simulations, we
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ensure that there are enough finite elements within the gap of the two particles and the
particles do not contact each other. In addition, when the gap between the two particles is
on the order of the EDL thickness, the EDL interaction force and the van der Waals force
must be taken into account, which is beyond the scope of this thesis.
Figure 3.10: Time of Approach of dielectrophoretic attraction between two Colloids as
function of immersion depth
In the next set of simulations, when a pair of particles are initially located at the
fluid/fluid interface in a perpendicular orientation to an external electric field, the induced
DEP particle-particle interaction force acts as a repulsive force (Fig. 3.11). Therefore, the
two particles repel each other to minimize the DEP particle-particle interaction force. Fig.
3.12 shows the Maxwell Stress variation of the particle initially located at along its traveling
distance. As the particle distance increases, the non-uniformity of the electric field adjacent
to the particles decreases, which consequently reduces the Maxwell Stress. Eventually, the
DEP particle-particle interaction becomes negligible at a large particle distance. Although
the Brownian motion of particles is very limited within the critical particle distance, a
perfect perpendicular orientation is still extremely unstable due to the inevitable Brownian
motion, especially at a large particle distance.
Naturally, the particle orientation is mostly between the two aforementioned critical
orientations. Therefore, it is more practical to understand the DEP particle-particle inter-
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Figure 3.11: Electric field contours of dielectrophoretic attraction between two spheres
perpendicular to the line connecting their centres as function of immersion depth on the
surface of a semi-infinite liquid in the laboratory frame, λ/a = 0.01 for hydrophilic θ = pi/3,
d/a = 1.5), neutral (θ = pi/2, d/a = 1) and hydrophobic (θ = 2pi/3, d/a = 0.5) particles
assuming the liquid to be water
CHAPTER 3. PAIRWISE INTERACTION BETWEEN MULTIPLE PARTICLES ON
FLAT AIR/WATER INTERFACE 72
Figure 3.12: Plot of Repulsive DEP Force Parallel to Line of Centers as function of immer-
sion depth
action force of two arbitrarily orientated particles and their relative motions (Fig. 3.13). Fig.
3.14 shows the variation of Maxwell Stress of a pair of particles initially located under an
external electric field along the x-axis. At the beginning, the repulsive DEP particle-particle
interaction force pushes the two particles away from each other. However, the x-component
of the DEP particle-particle interaction force causes the two particles to rotate with respect
to each other, decreasing the angle between the connecting line of the two particles and the
electric field. As the two particles rotate further, the DEP particle-particle interaction force
becomes attractive and pulls them approaching each other leading to an increase in Maxwell
Stress with decrease in inter-particle distance (Fig. 3.14), and eventually ending up with
the parallel attraction motion. It turns out that the DEP interaction force always tends to
attract and align particles with their connecting line parallel to the external electric field
unless the particles are initially perpendicular to the electric field. Therefore, our numerical
predictions are in qualitative agreement with the experimental observations available from
the literature. As aforementioned, such perpendicular orientation is not stable due to the
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Figure 3.13: Electric field contours of dielectrophoretic attraction between two spheres at
450 to the line connecting their centres as function of immersion depth on the surface of a
semi-infinite liquid in the laboratory frame, λ/a = 0.01 for hydrophilic θ = pi/3, d/a = 1.5),
neutral (θ = pi/2, d/a = 1) and hydrophobic (θ = 2pi/3, d/a = 0.5) particles assuming the
liquid to be water
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Figure 3.14: Plot of Repulsive DEP Force Perpendicular to Line of Centers as function of
immersion depth
unavoidable Brownian motion. Hence, the DEP particle-particle interaction motion always
ends up with chaining and alignment to the electric field, independent of the initial particle
location.
3.4 Discussion
This study has focused on the hydrodynamic motion of particles floating on a fluid interface
in the limit of a zero Boussinesq number. Specifically, our interest was in elucidating pair-
wise hydrodynamics at an air-water interface as a first step toward understanding the effect
of interfacial flow on particle assembly. The DEP particle-particle interaction and their rel-
ative motions are numerically investigated using the COMSOL Multiphysics model with a
full consideration of the particle-fluid-electric field interactions under the thin EDL assump-
tion at the fluid-fluid interface. The key step in assembling the particle meso-structures is
to tune the inter-particle forces to achieve the desired assembly. We envision that the pri-
mary use of our study is to implement accurate simulations of the assembly process in an
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effort to understand how the inter-particle forces can be integrated in a rational way to
develop a desired lattice. This study predicts the inverse mobility coefficients for the pair-
wise hydrodynamic interaction between two particles on a surface as function of particle
wettability for four different modes of motion for the particles. The correct modeling of
this pairwise interaction is a necessary building block for a multi-particle simulation, and
the multiplicative expression for the two-particle resistance for four different modes of hy-
drodynamic interaction that we have developed here and verified through experimentation
should provide an accurate rendering of the hydrodynamic forces determining the assembly
thus presenting a convenient route for fabricating one-dimensional micron-sized structures,
combining field-induced assembly and capillary effects. However, the simulation in the work
only considers the hydrodynamic stress tensor and the Maxwell stress tensor. In order to
model rather complex structures in future, some other forces or moments involved should
be included in our model, especially if lubricants such as bovine serum albumin (BSA) are
coating cells. A future line of study can be focused on utilizing this introduced simulation
methodology to investigate impacts of various underlying flows on different colloidal struc-
tures at fluid-fluid interfaces. This methodology can be implemented to study formation
and deformation of crystalline particle interfacial microstructures under various steady and
pulsatile underlying flows.







Recently, Mansard et al [Mansard et al., 2014] investigated the role of surface boundary
conditions on the flow of a dense emulsion. They demonstrated that both slippage and
wall fluidization depended non-monotonously on the surface roughness quantified with a
simple model invoking building of a stratified layer and the activation of plastic events by
the surface roughness. These results are interesting and call for further verification in terms
of numerical simulations ([Roberto and Chibbaro Sergio, 2009]) and other complex fluids.
In this chapter, we further investigate the effects of such wall shear and inertial forces like
gravity on the topological transitions and rheological correlations in dense emulsion. In
order to produce a starting topology for systematically analyzing film thinning and rear-
rangement phenomena, we partition the 2D domain into a set of non-overlapping polygonal
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(a) Dense Emulsion showing honeycomb
structure with dense packing of hexagons
(b) Sparse Emulsion structure shown by
Voronoi tessallation
Figure 4.1: Geometric representation of Dense and Sparse Emulsion structure
areas with Voronoi tessellation (Fig. 4.1a, 4.1b) having equal distances to the two adjacent
particle center locations. This is constructed from the centers of mass of the droplets and
automatically create a controllable amount of disorder. The micro-mechanics of the imple-
mented numerical model in this chapter, is not meant to mimic specific physico-chemical
details of foams, but rather to model a generic soft-glassy model with non-ideal fluid be-
havior, interfacial physics and gravity-driven hydrodynamics resembling a dense emulsion
system.The following parameters are chosen for our model: the fluid properties of the more
dense phase of the emulsion are those of water at room temperature. Complete simulations
are achieved with a length step, δx = 0.005 cm and time step δt = 4.17× 10−4 s.
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4.2 Materials and Methods
4.2.1 Computational Method:Multiphase Lattice Boltzmann Method
For numerical simulations, we adopt a Pseudopotential Mesoscopic Lattice Boltzmann
Method, based on Shan-Chen Model [Shan and Chen, 1993] for non-Newtonian binary
fluids [Das et al., 2018b]. The discrete Boltzmann equation treats the continuum fluid
phase as a set of fluid particles which move in discrete directions. It is well established that
with an appropriate equilibrium distribution function, the discrete Boltzmann equation will
reduce to the full Navier-Stokes equation [Chen et al., 1992]. These combine a small positive
surface tension, promoting highly complex interfaces, with a positive disjoining pressure,
inhibiting interfacial coalescence. In 2D, droplets are modeled as soft circular disks. We
consider two fluids A and B, with hydrodynamical densities defined for both species as
ρζ =
∑
ζ fζi each described by a discrete kinetic distribution measuring the probability of
finding a particle of fluid ζ = A,B at position r and discrete time t, with discrete velocity
ci, where the index i runs over the nearest and next-to-nearest neighbors of r in a regular
2D lattice. A repulsive force, F
(r)
ζ (r) with strength parameter gAB between the two fluids
as given below is responsible for which phases are separating.
F
(r)







(|ci|2)ρζ′ (r + ci) ci (4.1)
The distribution functions evolve in time under the effect of free-streaming and local two-
body collisions, described by a relaxation towards a local equilibrium (feqςi ) with a charac-
teristic time scale τLB:
F
(F )
ζ (r) = −gζζ,1ψζ(r)
∑
i=1−8
ωiψζ(r + ci)ci − gζζ,2ψζ(r)
∑
i=1−24
ωiψζ(r + ci)ci (4.2)
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The equilibrium distribution is given by




vv : (cici − c2sI)
2c4s
) (4.3)






, a suitable density-dependent mean-field pseudo-potential
representing potential energy interactions and phase separation is achieved by imposing a
short range attraction between the light and dense phases.The fluid interactions are mim-
icked by an inter-particle potential, through which the separation of fluid phases or com-
ponents can be achieved automatically, without resorting to any techniques to track or
capture interfaces [Sukop and Or, 2004]. The parameter ρ0 actually marks the density
value above which non-ideal effects are effective and that for small densities, the pseudo-
potential is linear in the density ρζ(r). We ignore the effects of diffusive coarsening due
to imposed frustrating interactions and assume there is no coalescence of droplets in qui-
escent emulsion as diffusion occurs on a much longer timescale than the typical time-scale
associated with the driving force for coalescence. We also remark that the viscous ratio
between the dispersed phase and the continuous phase in our emulsion system is fixed to
χ = 1 as numerical instabilities emerge in case of a viscous ratio much smaller or much
larger than unity. The dominant effect of the frustrating interaction is to prevent coales-
cence of strongly jammed emulsion droplets, but there is also a weaker contribution to the
disjoining pressure that prevents droplets from separating. The main coupling parameters
are GaA = −9, GaA = 8.1, GaB = −8, GrB = 10.95, GAB = 0.587 [Dollet B., 2015] correspond
to both species in the dense phase with no phase transition.
4.2.2 Bounce-back Boundary Conditions
Besides the discussed gas-fluid interface, solid-fluid and solid-gas interfaces are present in
the system due to the enclosed computational domain. In order to avoid the sharp density
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Figure 4.2: Bounce-back boundary condition
jump across the interface in the simulation on the early stage of the simulation, density

















We impose the full-way bounce back for no-slip boundary. As illustrated in the figure 4.2
[Peng, 2011], the boundary nodes send back what streams into the solid in the opposite
direction to the bulk during the collision step at the time t, and then pass this information
to the bulk during the streaming step, after which the time is increased by δt. Meanwhile,
the distribution functions near the boundary is streamed into the solid. The bounce back
scheme gives a first order approximation for a non-slipping wall where the hydrodynamic
boundary is found to be midway between the wall and fluid node for a plane surface.
4.3 Results
4.3.1 Benchmark:Laplace Law
Studying the law of Laplace provides a static test of the interfacial physics governing the
droplet stability. For each simulation experiment, a spherical droplet is placed in the middle
of a fluid domain. When the system reaches equilibrium, a pressure difference is present
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(a) Laplace law validation
Figure 4.3: Laplace law for ρ = 0.83
between the gas bubble and the fluid region according to the 2D Laplace law, Pg−Pl = σ/R.
Simulations are conducted with four different radii, R = 2, 5, 8, 10 as shown in Fig. 4.3a.
Each test was repeated four times, with distinct initial positions of the bubble center as the
pressure drop is seen to vary linearly with the droplet radius in agreement with the Laplace
Law. All numbers are reported in lbu (lattice Boltzmann units).
4.3.2 Benchmark:Single Plateau border in Equilibrium
The interplay between disjoining pressure and surface tension pressure is observed in an
equilibrated single Plateau border shown below Fig. 4.4a. The system is initialized with a
horizontal single Plateau border between two horizontally parallel and wetted walls. Top
and bottom interfaces of the film are formed by gas regions with constant pressure p = 1/3.
Further simulation parameters are ν = 1/6, σ = 0.008 (from Laplace law), the lattice counts
20× 80 cells, with periodic boundary conditions at the right and left side and wall cells at
top and bottom.For a planar 1D interface, developing along x direction, the surface tension
Γ is a direct consequence of the pressure tensor developing at the non-ideal interface and
is computed as the integral of the mismatch between the normal (N) and tangential (T )
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(a) Single Plateau border (b) Disjoining pressure as function of film
thickness
Figure 4.4: Disjoining pressure calculation for ρ = 0.83




[PN − PN (y)]dy (4.5)
The disjoining pressure is responsible for the stabilization of the Plateau borders. More-
over, it determines the thickness of the films. Depending on the present magnitude of the
disjoining force, the droplet will reach an equilibrium beneath the surface or burst at the
surface of the emulsion. Diffusive processes are neglected. After some time, the film reaches
an equilibrium state as shown in Fig. 4.4a. In the film itself, the curvature is vanishingly
small. All numbers are reported in lbu (lattice Boltzmann units). As shown in Fig. 4.4b, by
decreasing the film thickness, we enhance the energy barrier upto a maximum at the onset
of the film rupture and then decreases when the two droplets coalseece. Once the droplets
are stabilized with a positive disjoining pressure, different packing fractions of the dispersed
phase can be considered. In the numerical simulations presented in the following sections,
the fraction of the continuous phase (i.e. the equivalent of the liquid fraction in the foam
experiment in Chapter 4) is varied to consider the drainage induced transition from dense
to sparse emulsions.
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(a) Velocity profiles for Poiseuille flow in
polyhedral emulsions as function of cross-
flow coordinate for different gas volume
fractions
(b) Stress-strain non-linearity for Poiseuille
flow in polyhedral emulsions
Figure 4.5: Hydrodynamic correlations in Poiseuille flow of Sparse Emulsions
4.3.3 Benchmark: Poiseuille Flow in 2D
Poiseuille flow in 2D is the steady state incompressible flow along a channel between two
stationary walls parallel to the X axis. We simulate this problem using our LBM framework
using a 162×448 lattice with periodic boundaries along the y direction and fixed solid nodes
at i = 1, i = 2 and j = 447, j = 448 representing the bottom and top walls. The fluid moves
under the effect of a gravitational acceleration −→g = gyˆ. The fluid density and dynamic
viscosity are ρ and ν, respectively. The model considers a steady unidimensional flow,
where inertia vanishes identically. The parameters in our LBM model (in lattice units) are
g = 0.000012, ρ = 1.4, and τ = 1. Based on the relaxation time, the kinematic viscosity
is given by ν = (τ − 0.5) /3 = 0.1333. The dynamic viscosity is µ = ρν = 0.15996 and
Umax = 0.23. We also neglect end effects, hence assume that flow is stream-wise invariant.
The flow profile is parabolic at steady state, with the maximum velocity at the centerline
of the cavity given by Umax =
gxH2
8µ . By defining the normalized velocity, u
∗ = u/Umax and
the dimensionless distance between the two walls, x∗ = x/H and the steady-state velocity
profile as given by u∗ = 4y∗(1− y∗).
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To compute the packing fraction, we use the mass instead of the volume, because the
latter would be hard to measure exactly, due to finite-width interface overlapping effects,
whereas the former is strictly dictated by the initial conditions, as the mass of species A and
B is conserved separately for both. In Fig. 4.5a, we report the time-average of the stream-
flow velocity at a given value of the gravity force (volume force) for different values of the
mass packing fraction. The smallest value considered corresponds to a velocity profile that
is almost parabolic, which is essentially consistent with a constant homogeneous viscosity
throughout the domain (Newtonian regime). When the mass packing fraction for oil is
increased, we find a profile consistent with a Herschel-Bulkley flow curve i.e. the drier the
emulsion is, more it follows a non-linear rheology: the profile flattens in the central region
of the channel where we observe the emergence of the dynamic yield stress in the flow
curve. The right panel shows the local rheological curves, i.e., the local stress vs. the local
strain rate (Fig. 4.5b) obtained from the averaged stream-flow velocity profile for the mass
packing fractions ϕmass = 0.3525 to 1 for a given value of the volume force. Time-averaged
velocity profiles across the channel during steady flow, scaled by the value at the center
of the channel resemble those expected for a Bingham plastic fluid. When scaled by the
value at the centre, the velocity profiles at different driving forces do not show self-similar
scaling. Instead, the width of the plug flow region decreases with increasing driving force,
as the effect of shear at the walls permeates towards the centre-line of the flow. It is clear
that the velocity profiles in this range of driving are far from the Poiseuille flow profile of a
Newtonian fluid.
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4.3.4 Hydrodynamics of Steadily Sheared Emulsion
Wall-slip is a general phenomenon in the rheological behavior of Emulsions and has to be
considered explicitly in the description of flow through pipes and orifices, upon spreading
on surfaces, and in the rheological measurements [Denkov et al., 2005]. To account for the
presence of elastic stress inside the sheared emulsion, we assumed that the emulsion obeys
the rheological model of a Hershel-Bulkley (HB) fluid. Simple theoretical model of the
viscous friction in steadily sheared foams and concentrated emulsions have been developed
where drops and bubbles were compressed against each other due to their high volume
fraction, so that planar foam or emulsion films were formed [Denkov et al., 2008].
Hence, we ran simulations in a planar Couette cell, shearing the material between two
parallel walls separated by the distance H and by applying a symmetric velocity UW to one
of the walls. This is a useful setup since the mean shear stress is spatially homogeneous.
The fluidity field is directly obtained from the ratio between the gradient of strain and the
stress. Such a value is then averaged in time. In Fig. 4.6, we show such a fluidity f(z), as a
function of the cross-flow coordinate at a fixed strain rate S = (2UW )/H, for different values
of the mass packing fraction. The figure clearly reveals a sharp decrease of the local fluidity
away from the wall, where the fluid flows like a liquid, towards the centerline, where the fluid
flow is significantly inhibited and is in compliance in what has been reported in literature.
When the applied strain rate is small, the droplets act as rigid fillers increasing viscosity,
while at large strain rates, where the flow line distortion is smaller due to deformation,
droplets provide free slip surfaces and thus decreasing viscosity.
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(a) Temporal evolution of dry foam under Steady Shear when Ampli-
tude=0.1
(b) Fluidity as function of cross-flow coordinate for
sheared emulsion
Figure 4.6: Hydrodynamic correlations in Steadily sheared Sparse Emulsion
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4.3.5 Hydrodynamics of Oscillatory Shear Flow of Emulsions
A harmonically oscillating infinite flat wall sets the semi-infinite fluid domain into motion.
All other forces including gravity are neglected. After initial flow transients and their decay,
the fluid motion settles into steady-state oscillatory flow. Emulsion undergoing drainage
when one constraining wall is subjected to oscillatory shear is found to show linear elastic
response (Fig. 4.7a) which has been probed in a similar context elsewhere using diffusing-
wave spectroscopy [Ho¨hler et al., 1997]. At low strains, the local displacements in the
droplets are shown to be compatible with linear elastic behavior. It is hypothesized that at
higher strains, a crossover to nonlinear yet fully periodic displacements will be observed in
the emulsions. The emulsion being dilute, the change in the interfacial area is less drastic as
compared to that in dense emulsions (Fig. 4.7b). Emulsion closer to the moving boundary
will be more affected by it due to the nature of the viscous diffusivity which is responsible
for the decaying transfer of the linear momentum deeper into the fluid mass.
At very small strain amplitudes, the mechanical response is linear on a local scale. At
a higher strain amplitude, well below the yield strain, we will observe a crossover to a
qualitatively different response, indicating a change of the droplet dynamics: the linear
relation between the externally applied strain and the droplet displacements found at low
amplitudes can no longer be valid.
4.3.6 Hydrodynamics of Draining Confined Emulsion under Gravity
In this section, the LB model is applied to simulate free drainage of Emulsion built up by
a Newtonian liquid. The simulations are performed mostly on a 200 × 200 grid created
by Voronoi construction or a 217 × 265 grid created from images (collected from Foam
Analyzer experiment, 4.8a) using ImageJ software up to 106 LB time steps. The droplets
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(a) Velocity profile for Draining Emulsions undergoing Oscillatory
Shear
(b) Stress-strain relationship for for Draining
Emulsions under Oscillatory Shear
(c) Temporal evolution of interfacial area for
Draining Emulsions under oscillatory shear
Figure 4.7: Shear rheology and Interfacial area change due to Drainage Sparse Emulsions
undergoing Oscillatory shear
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composed of less dense phase than the continuous phase pack at the top surface by virtue of
buoyancy force-a process known as creaming to create jammed phase as the liquid from the
top of the emulsion drains to the lower region of the Hele-Shaw Cell. Therefore, the liquid
volume fraction decreases with time as the droplet coalescence begins at the top followed by
a droplet bursting cascade. When an interfacial droplet ruptures, the droplet vanishes as
the ruptured thin film retracts rapidly until it becomes part of the interface, an event that
typically occurs within milliseconds. With decreasing surface tension, this fraction reduces.
Further, the droplet shapes transition from relatively round to marked hexagonal. Stone
et al [Bird et al., 2010] have demonstrated for a large range of fluid parameters, interfacial
droplets can create numerous smaller droplets when they rupture, rather than vanishing
as shown in Fig. 4.8c. The drainage equation becomes non-dimensional when using a
characteristic time tch =
µ√
γρg
[Bricen˜o Ahumada et al., 2016]. The total height of the
emulsion and of the drained liquid HT = Hemulsion +Hcontinuousphase is kept constant at all
times as the box size (sample geometry) is constant. We observe that the dispersed phase
droplets in the bottom of the Hele Shaw Cell has lesser mobility than the ones at the top
which explains rapid droplet coalescence at the top and delayed coalescence in the bottom
of the cell. Variations in the gravitational constant are not easily achievable in experimental
setups.One can think about space experiments, parabola flights or centrifuges. However,
in our simulations, the gravitation is modified as easily as any other parametric constant.
With increasing gravitation (higher magnitude of g),the modeled emulsion collapses faster.
In Fig. 4.8d, we show the time evolution of the interface area indicator, denoted by
IAB =
∑
x,y∇ρA∇ρB where ∇ρA and ∇ρB denotes density changes of the two phases, A
and B. We observe a very dramatic drop of the flow speed in the initial stage of the evolution,
corresponding to a very substantial enhancement of the fluid viscosity. The system remains
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(a) Wet foam picture collected using Foam
Analyzer, φ = 0.18
(b) Temporal evolution of draining regular array
of droplets using LBM, φ = 0.56, g = 0.0005
(c) Temporal evolution of draining dense
emulsion using LBM, φ = 0.18, g = 0.0005
(d) Time evolution of the Interfacial area of
draining emulsion
Figure 4.8: Mechanism of Emulsion drainage and Evolution of various macroscopic param-
eters
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(a) t=0 (b) t=25000 (c) t=50000
Figure 4.9: Temporal evolution of Draining Emulsion, g = 0.0005
in this arrested state for a very long time, until it suddenly starts to regain its initial velocity
through a bumpy dynamics as shown in Fig. 4.8b, characterized by a series of sudden
jumps which signal plastic events showing that the interfacial area of the droplets change
in a stepwise fashion. These plastic rearrangement events in the drainage phenomenon are
recorded by the temporal tracing of the interfacial area IAB, which exhibits an alternate
sequence of plateau followed by sudden down jumps, the latter being responsible for the
overall temporal reduction of the interfacial area. For higher inertial forces (given by g),
networks are frequently formed and broken, due to which the droplets coalesce quickly and
never find themselves trapped within a network as the fluid drains out. When the inertial
force is low, more persistent networks are formed and droplets flowing at lower velocities
get trapped within.
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4.4 Conclusions
The simulated emulsion microstructures compare very well with real emulsion structures.
The main part of this chapter consisted of the numerical realization of the physical model of
emulsions and foams.The hydrodynamic problem involves strong interfacial dynamics. The
lattice Boltzmann method proved to be a good approach to numerically implement this dif-
ficult hydrodynamic problem. Computationally, the method is local and parallel and scales
linearly under space refinements or future 3D implementations. The advantages of our LBM
approach allowed the development of a complete simulation tool from the start within the
scope of this thesis by giving access to hydrodynamic scales at an affordable computational
cost. Metastable structural arrest of droplets in the lower part of the draining emulsion was
observed. By letting each species undergo phase transition between a dense and light phase,
the same model could describe foamy materials as well. In order to obtain homogeneity of
the system, the disjoining pressure (determined by pseudopotential, ρ) should be as large
as possible and the gravitation as small as possible. Inter-domain relaxation the emulsion
droplets can only take place in response to changes in the density field during drainage and
the rupture of the metastable arrested states. For future studies, the simulation program
needs to be further accelerated by optimization and parallelization of the LB code.
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Chapter 5
Microfluidic Experiments of Foam
Hydrodynamics
5.1 Introduction
Drainage between the two fluid interfaces in Foams like for Emulsions (in Chapter 3) will
continue until the disjoining pressure becomes large enough to withstand the plateau border
suction. At this point the film is in equilibrium, and can withstand any deformation, unless
evaporation simply causes the film to break. Without the Gibbs-Marangoni stabilizing
mechanisms, the film ruptures easily as a result of surface deformation and the two bubbles
coalesce. The coalescence of bubbles results in the bubbles becoming fewer and larger.
This usually takes place in the top of the foam in the Hele-Shaw Cell where the films are
the thinnest as observed in the simulations in Chapter 3. As a result the foam height
decreases and eventually disappears. Two other mechanisms can influence the stability
of foams. The diffusion of gas from smaller to larger bubbles, called Ostwald ripening
or disproportionation, occurs due to a pressure difference in between the bubbles. This
effect can be reduced if the bubbles are more mono-disperse in nature. Disproportionation
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mechanism can influence the stability of foam containing CO2 to a great extent [Zuidberg,
1997]. The foam can coarsen rapidly when the bubble size distribution become wider.
This effect can, however, be minimized by the use of a gas with a lower solubility, such as
Nitrogen.
In this chapter, Bubble Coalescence in Foams generated microfluidically have been stud-
ied through its cascade of events as dynamics of daughter bubble formation, droplet fusion
or avalanches during foam collapse. Isolated thin film stability is evaluated by the value
of a critical disjoining pressure, Πcrit that accounts for interactions of the film’s interfaces.
Foam as a model complex material composed of simple elements, leads to a new research
area in microfluidics, coined ’Discrete Microfluidics’[Drenckhan et al., 2005]. The liquid
and gas phases form an interface upstream of the orifice of the Microfluidic device. The
pressure drop along the longitudinal axis of the device forces the tip of the gas stream into
the orifice. The growing bubble displaces and pushes away the liquid in the outlet chan-
nel. In the orifice, because of the hydrophilicity of the channel walls, the gaseous thread
is surrounded by continuous liquid film. Over a wide range of flow parameters, the system
establishes a periodic state [Marmottant and Raven, 2009]. In each event, a single bubble is
formed, and the tip of the gas stream recedes to its initial position upstream of the orifice.
For a fixed gas pressure, an increase in the rate of flow of the liquid results in a decrease of
the bubble size. A large variability is observed in the type of history that each bubble can
follow. Bubbles can immediately shrink and disappear by diffusion [Somasundaran et al.,
1999], or keep the same radius for a certain time in equilibrium, before quickly shrinking
and disappearing by bubble popping [Saye and Sethian, 2013] or coarsen [Marchalot et al.,
2008] in a microfluidic system. On the contrary, other bubbles can immediately start to
swell and reach a large radius at the end of the experiment, or others can start to swell after
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(a) Microfluidic Set up for generating bub-
bles
(b) Schematic of Microfluidic Set-up
Figure 5.1: Schematic of Microfluidic experiment to generate monodisperse droplets
a certain lag time. This large variety of behavior in micro-foams is very interesting and is
most probably due to the fact that each bubble has its own micro-environment determined
by its close neighboring bubbles. It would therefore be interesting to study the correlation
between the type of behavior observed, and the local environment of the considered bubble
and its influence on foam quality. Another major difference between macroscopic foams
with micro foams, volume forces are negligible compared to surface forces in micro-foams
due to a large surface/volume ratio. This leads to the absence of vertical drainage (due to
gravity) on such small length scales. Here, we study the drainage in micro foams by turning
the device vertically to allow the micro foam to undergo sufficient number of hydrodynamic
rearrangement phenomena.
5.2 Design and Fabrication of the Microfluidic Device
Microfluidic devices were prepared via a standard soft photolithography process [Xia et al.,
1999]. A 3” silicon wafer with a pattern made out of SU-8 was used to cast the Poly-
dimethylsiloxane (PDMS) microfluidic mold [Harris et al., 2007]. Previously, a silicon wafer
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was patterned with the design for the microfluidic device using SU-8 and photolithography
to create a master mold or ”master”. The PDMS slab was formed by mixing base and
curing agent in 10:1 weight ratio in a commercial mixer (THINKY Mixer) for 4 minutes.
Mixing was performed for the purpose of homogenization without introducing any exces-
sive air bubbles. Once homogenized, the mixture was poured into a standard petri dish
and placed into a degassing chamber.We poured the silicon polymer PDMS on top of the
master which was then cured by heating the PDMS to 80o C for 1 hour. The PDMS formed
a negative mold of the device. The PDMS was then carefully cut and lifted away from the
master. Holes were punched where the reservoirs would be present and the excess PDMS
was trimmed away from the device. Nitrogen was used to blow away any excess debris from
the device. The devices when ready for use would be bonded to Corning cover glass with a
plasma cleaner.
A PDMS slab with a circular hole of radius 4 cm was attached to a microscope cover
slip of 170 µm thickness by plasma bonding followed by conformal contact. The blend was
then degassed for 20 minutes and afterwards placed into an oven at 80o C. After drying,
the glass slide and PDMS frame were plasma cleaned for one minute, and brought into
conformal contact to form a sealed device. The sealed device was stored in an oven to avoid
contamination by dust particles and was plasma cleaned for one minute before carrying out
the experiments. The purpose of the plasma cleaning is to ensure the formation of a thin
layer of water at the bottom of the device. We supplied nitrogen through the gas inlet
channel from a pressurized tank via a pressure-reduction valve.
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(a) Phase contrast microscopic image of
Monodisperse bubbles
(b) Monodisperse Bubbles produced by
flow-focusing
Figure 5.2: Phase contrast microscope images of Bubble generation using flow-focusing
microfluidics
5.3 Experimental Method: Flow Focusing Microfluidics for
Foam Generation and Storage
The liquid and gas were pumped into the Microfluidic device using a digitally controlled
syringe pump (Harvard Apparatus PhD 2000). The droplet generation by flow focusing Fig.
5.1a was being monitored using a Phase Contrast Microscope (Axiovert 200 MAT, Carl Zeiss
GmbH, 2.5 magnification) and a camera (Motion Pro Y4-S2, IDT Inc.). Sequences of images
were recorded from one half-section of the collection chamber with outlet flow rate thereby
sampling a chamber area of 0.5 × 2.5mm2. The frame rate of the recorded movies was
5000−25, 000s−1. The frame rate needed to be increased with increasing flow rate, in order
for the droplet tracking algorithm to work precisely. The exposure time of the camera was
set to 4 hours approximately. Movies were recorded for each experimental condition based
on surfactant concentration. The total number of recorded droplets per movie was in the
range 200 to 4000, depending on the outlet flow rate.
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The dispersed gas phase was compressed air and the pressure was controlled by a Pres-
sure regulator. Even when all the valves were shut off, the foam kept moving due to the
upstream gas decompression. For this reason, the device was divided into two parts: i)
foam production (containing the flow focusing), ii) foam storage (observation room). After
production, the foam was thus led into a microtank (reservoir: 1500 × 2500m). Once the
observation room is filled by foam, the pump tubing were disconnected so that the foam
could be isolated and be observed under a Phase contrast microscope and a CCD camera
(COHU, 25 Hz) when the device for flipped for observing Foam drainage.
5.4 Experimental Method: High Speed Video Measurements
and Image Analysis
We captured images (Fig. 5.3a and Fig. 5.3b) during the Collapsing process of the Foam
in the vertically flipped Microfluidic chamber using a High Speed Digital Video Camera
(Panasonic Co., HC-V520M) with time interval of 5 s. The interface between the liquid
and the gas can be extracted easily due to difference of the refractive index between the
air and the liquid. The camera was equipped with a Nikon C-mount and accessories, and
an LCD shutter to increase the resolution of the images. The extension rings between the
macroscopic lens and the camera was set between 0.5 and 1 cm for the measurements of
bubble rise in the flipped chamber. Back-lighting was performed through a diffusing panel.
The image analysis of the captured images was performed using ImageJ program [Abra`moff
et al., 2004]. Firstly, the raw image was binarized using a threshold determined globally for
the whole image sequence by hand. The image captured was similar to that of dark-field
(ie. phase-contrast) micrograph with rays from the ring refracted by the interfaces of the
bubbles only. This yielded a high contrast image that can be easily thresholded: pixels
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above the threshold were set to a logical value of one, pixels below were set to a logical 0
value. This yielded a binary image, in which 1 pixels were white and 0 pixels were black.
This binary image was then cleaned by removing white regions smaller than 5 pixels or
in contact with the border of the image. The white areas were then dilated by 1 pixel to
close the rings that might present an inadvertent opening, the holes (i.e. black regions sur-
rounded by white) were filled, and the resulting regions were eroded by one pixel to restore
to their original area. The enhanced binary images is shown in Fig. 5.4a and Fig. 5.4b.
Each white regions thus correspond to one bubble. By measuring the centroid position of
the individual regions, and their area (ie. their number of pixels), it is possible to know
the radius and position of each bubble. The measured centroids of the example image are
shown in figures below Fig. 5.4a and Fig. 5.4b. This procedure is repeated for each image
of the time-lapsed evolution of the foam.
5.5 Results and Discussion
Fig. 5.2a displays a snapshot of one half of the collecting chamber during an experiment
as an instance. This difference in the flow rates was caused by the velocity slip between
continuous and dispersed phase, which was enhanced by the increased drag that the disk-
shaped droplets in the channel will experience due to contact with the wall. Because of
this effect, there was be a holdup of droplets in the collecting chamber. Even when volume
fraction of bubbles was much smaller than the limit for packing of circles in 2D, bubbles
organized themselves into highly ordered flowing lattices. Foam rupture was found to occur
if a threshold amount of liquid was not present locally in the foam. The macroscopic liquid
fraction in foam can be related to the geometry of Plateau borders (PB). Polyisperse foams
with more than two spatial domains of different mean radii is shown in Figure 5.2b, which
CHAPTER 5. MICROFLUIDIC EXPERIMENTS OF FOAM HYDRODYNAMICS 100
clearly a grain boundary in the differentially coarsened regions of the foam. The evolution of
the bubbles sizes can be measured as a function of their distance from the grain boundary,
as shown in Figure 5.2b. Bubbles on the boundary between the two domains on either
of a grain boundary was found to swell faster than the others. This was caused by the
higher radius contrast between the bubbles of different sizes in direct contact at the grain
boundary.
Two different collecting chamber geometries were tested for the Foam drainage exper-
iment: Square and Column geometry (Fig. 5.3a and Fig. 5.5a). Foam Destabilization
was found to occur via mechanisms coupled together: gravity-driven drainage of the liquid,
bubble coarsening (transfer of gas between bubbles driven by pressure differences), and
bubble coalescence (rupture of films between bubbles leading to foam collapse). However,
we primarily observed foam destabilization by coarsening and coalescence with lesser foam
drainage in our system involving the square geometry (Fig. 5.3a and Fig. 5.3b) while a
coupling of drainage and bubble coalescence in the Column geometry (Fig. 5.5a and Fig.
5.6a). We observed that as the foam coarsened, the foam space got disintegrated into dis-
tinct domains comprising of grains or bubbles whose growth was driven by fluid capillarity.
Here, the static foam consists of uniformly polyhedral cells. Capillary drainage out of the
films and gravitational drainage out of the Plateau borders are the main ingredients of our
Foam transition mechanism.
Scaling theories could be used to explain some of the physics behind the Foam coarsening
process in the Square geometry. Von Neumann had derived an expression for the growth of
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(a) Jammed Packing of Monodisperse bub-
bles at t=0 min
(b) Coarsened Foam at t=107 min
Figure 5.3: High Speed Video Imaging of Coarsening Process of Draining Foams in Square
geometry
(a) Binarized image of Jammed Packing of
Monodisperse bubbles at t=0 min
(b) Binarized image of Coarsened Foam at
t=107 min
Figure 5.4: Binarized image of High Speed Images of Coarsened Foams using ImageJ in
Square geometry
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where dAdt is the rate of change of the area of a domain, αi is the exterior angle at a triple
junction on that domain, and n is the number of such triple junctions around a particular
domain (Fig. 1a [MacPherson and Srolovitz, 2007]). However, αi of this total curvature is
localized in an abrupt turn at the i − th triple junction, so it does not contribute to the
integral of K along the walls.The macroscopic liquid fraction in foam could be related to the
geometry of Plateau borders through: ε ' r2
3R2
where ε ' γ2
3R2Γ2crit
, γ is the surface tension
and r is the radius of curvature of the plateau borders and ε is the liquid fraction. As most
modern models for the evolution of polycrystalline microstructures start with a postulated
extension of the above relation, it is further being applied to elucidate the domain growth
in the coarsened foams.
However, as stated earlier, we observed Dry-Superdry transition of quasi 2D aqueous
foam with continuous increase of φ by the impending collapse and drainage process of the
Microfoam in the Column geometry(Fig. 5.5a and Fig. 5.6a). It was found that those states
could be detected by analyzing the change of the bubble shapes. It is also indicated that
those transitions alter the mechanical properties of the foam signifying the foam quality
such as the rearrangement of the bubbles and the propagation of the external gravity force.
In this part of the study, we show the shape transition of the bubbles and the relation
between the shape change and the drainage of the foam. Since the shape of the bubble is a
basic property of the foam, the shape of the bubbles should be related with many physical
properties like the average size of the bubbles in the draimage process, shear modulus,
stability of the foam and diffusion in the liquid film.
The binarized images from the Foam drainage experiment in the Column geometry (Fig.
5.5a) at the initial time of the above were further used as initial Voronoi interface of our
Lattice Boltzmann (LBM) simulations based on the technique used in Chapter 3. The
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(a) image of Jammed Packing of Monodis-
perse bubbles at t=0 min in Foam Column
(b) Binarized image of Jammed Packing of
Monodisperse bubbles at t=0 min in Foam
Column
Figure 5.5: ImageJ Reconstruction of High Speed Images of Evolved Foams in Column
Geometry at t=0 hrs
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(a) Image of Jammed Packing of Polydis-
perse bubbles at t=4.3 hrs in Foam Column
(b) Binarized Image of Jammed Packing of
Polydisperse bubbles at t=4.3 hrs in Foam
Column
Figure 5.6: ImageJ Reconstruction of High Speed Images of Evolved Foams in Column
Geometry at t=4.3 hrs
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(a) t=0 (b) t=30000 (c) t=60000
Figure 5.7: LBM Simulation showing the evolution of the foam with Fig.5.5b as the initial
Voronoi interface
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(a) Comparison of Simulations with experiments
of evolved foam in terms of area
(b) Comparison of Simulations with experiments of
evolved foam in terms of perimeter
(c) Comparison of Simulations with experiments in
terms of Foam+liquid height
Figure 5.8: Statistical Comparison between between simulations and experiments in terms
of bubble distribution
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evolution of the bubble perimeter and bubble area distribution is compared statistically on
similar time scales of experiment and theory Fig. 5.8a and Fig. 5.8b. The comparisons of
experimental Foam height with that of LBM Simulations have a preliminary character Fig.
5.8c. The difference in the physicochemical hydrodynamics in the emulsion drainage and
foam coarsening could be instrumental in order to expect an average agreement of simulation
and real foaming. A systematic comparison with a strong statistic must be left for the future.
Because bubbles are small in our study, coarsening is significant in the microfluidically
generated foams compared to the LBM Simulations which are primarily drainage dominated
than coarsening or Ostwald ripening. The anomalousness of this scenario arises from two
competinng factors: the film drainage is driven by gravity force instead of a viscous one,
and the bubble deformation is determined by geometric constraints rather than gravity and
hence coarsening rates varied when the channel geometry in the microfluidic experiment
was changed.
5.6 Conclusion
We have presented a microfluidic setup with which the coarsening and collapse of a monodis-
perse foam could be monitored precisely, at the level of individual bubble population. As
foam drains out, new films are formed rapidly and their thickness is too small, they cannot
be sufficiently covered by surfactant and they rupture. Our numerical estimations indicate
that the proposed mechanism of foam destabilization influenced by geometry is only possible
for wet foams made with very small bubbles as in this experimental study. This is consis-
tent with the fact that dry foams made of larger bubbles are more stable [Bricen˜o-Ahumada
et al., 2016]. The accurate knowledge of the destabilization process is very relevant when
one wants to produce a porous material by solidifying a liquid foam, for instance, concrete,
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ceramic, metal or ice-cream. The bubble size distribution of the foam sets the final struc-
ture of the material, that is why it is important to know how it evolves over time after
the generation of the bubbles in the initial liquid. Finally, the general idea of the destabi-
lization process described here could be generalized to other systems involving individual
identical elements interacting with each others, such as living cells in a tissue, droplets in
an emulsion, or microcrystals in a metallic alloy.







The LBM has become a popular choice for simulating both particle dynamics and multi-
phase/component flow, individually. Stratford et al. [Stratford et al., 2005] were the first to
use a combination of both methods to simulate a fluid-fluid-particle system using the LBM.
It is important to keep in mind that there is a two-way coupling between the particles
and fluids. Particles are free to move based on the forces acting on them, where forces
come from the bulk fluids and the interface, resulting in a moving boundary problem. The
presence of solid particles can play an important role in many multiphase/multi-component
flows. Particles in the interface of an emulsion can act to stabilize the drop, preventing
breakup. The forces acting on the particle in our model are not only macroscopic in nature
like pressure, viscous, and interfacial tension forces but also microscopic DLVO forces like
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Van-der Waals attractive forces and electrostatic repulsive interactions are incorporated.
Joshi and Sun [Joshi and Sun, 2009] studied spontaneous wetting of particle laden drops in
two and three dimensions. They clearly detailed the implicit Newtonian dynamics scheme
for particle velocity that is used in this thesis. For freely moving particles, the spurious
currents are not eliminated, but suppressed to the point where they do not interfere with
the dynamics of the system. Spurious currents can be eliminated when the boundaries
(particles) are anchored.
In this chapter, we report some numerical results of combining the Shan-Chen two-
component multiphase model proposed in the 3rd chapter with a model for interfacial flows
around particles for a multiphase system composed of two liquids, with suspended particles
in one or both of the fluid phases. The method presented here is based on the solution
of the discrete Boltzmann equation for the fluid phase as it is coupled, through fluid-solid
interaction rules, to the translation and rotation of the solid particles suspended in the
fluid. A unique challenge of this approach is to accurately model the coexistence of all
three phases, two liquids, fixed solid walls and moving suspended particles. To make the
model mass conserving and stable, we follow Ladd’s model [Ladd, 1994] by virtue of which
fluid crosses the boundary of the suspended solid particle and occupies the entire domain
such that the computational nodes inside and outside of the solid particle are treated in an
identical manner unlike other methods where the internal fluid is completely removed with
fluid nodes appearing and disappearing as the solid particle moves through the fluid domain
[Aidun et al., 1998]. When the particles jam together as in Pickering Emulsions, particles
will interact with each other as the inter-particle force would cause imbalance between the
Laplace pressure and interfacial tension. The net capillary force must be counterbalanced
by the inter-particle forces, such as Hydrodynamic Interaction and Steric Repulsion leading
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to alteration of the interfacial morphology of the particles. To investigate this phenomenon,
we consider hydrodynamics of particles in a draining emulsion system as function of particle
wettability and shape [Das et al., 2018c] using our Lattice Boltzmann Model and how some
of the particles get preferentially attached to the rising droplets leading to delay in the
droplet coalescence and increased stability of the Emulsion.
6.2 Numerical Formulation
This section describes how the fluid behaves in response to the particle motion. The cal-
culation of the hydrodynamic force and torque on a solid particle suspended in a carrier
fluid where their motions are directly coupled is the first step. The motion of the particle
is prescribed by Newtonian Dynamics where the resultant force that the fluid exerts on the
particle needs to be accurately specified. The particle in turn applies a force on the fluid,
where the fluid accordingly adapts its hydrodynamic variables to account for the presence of
the particle. Given the particle position and velocity, boundary conditions on the fluid can
be imposed. The forces and moments on any solid particle are obtained through the change
of the distribution function when being reflected at a solid boundary called the bounce-back
boundary condition. Ladd first performed lattice Boltzmann simulations with finite-sized
particles, and demonstrated that the bounce-back algorithm must be supplemented for the
case of moving walls so that the fluid velocity matches the wall velocity [Ladd, 1994]. The
scheme is written below:
fα¯ = fα + 2
ρ
c2s
tα (ub · eα¯) (6.1)
where ub is the boundary velocity which can be computed from the particle center of mass
R and velocity U . Fk = F1k + F2k + F3k is the total force acting on the k − th component,
including fluid-fluid interaction F1k (defined in Chapter 3), fluid-solid interaction F2k and
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external force F3k.








where gkw is the interactive strength between component k and the wall. gkw is positive
for a Non-Wetting fluid (hydrophobic particle) and negative for a wetting fluid (hydrophilic
particle). By adjusting it, we can get different wettabilities. At the fluid/solid interface,
the wall is regarded as a phase with a constant number density. s(x + eαδt) is a ’switch’
function, which is equal to 1 or 0 for a solid or a fluid phase, respectively. It means that an
adhesion force is acting on the lattice nodes that are located in the fluid with neighboring
solid nodes. The interactive force between the fluid and wall based on the Martys-Chen










The difference between Eq. (6.3) and Eq. (6.4) lies in that the pre-sum factor in Eq.
(6.3) is the density ρ(x), while in Eq. (6.4) the pre-sum factor is the pseudopotential
ψ(x). For simplicity, these two types of fluid-solid interaction are referred to as the ρ-
based interaction and the ψ-based interaction, respectively. In the literature, Kang et al.
have extended Martys and Chen’s ρ-based fluid-solid interaction to the D2Q9 lattice model.
Furthermore, Benzi et al. [Benzi et al., 2006] had introduced a parameter ψ(ρw) to fix the
pseudopotential at the solid wall via a virtual wall density ρw. By introducing a suitable
value for ρw, the contact angle can be adjusted between 0
0 and 1800. We have adopted
equation (6.4) in our model as the force term for fluid-wall interaction parameter. The
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weight was added to the particle motion algorithm as an explicit force. Buoyancy arises by
virtue of the gravitational forcing term applied to the denser fluid, which manifests itself in
the Lattice Boltzmann Algorithm.
We have included effective electrostatic repulsive interactions described by DVO Theory
([Ducker et al., 1994]) between the hydrodynamically interacting particles to take into
account the relative motion between the solid particles especially when the particles are
in close contact to avoid them penetrate each other or overlap. We. Since the colloidal
particles are suspended in an oil in water emulsion in our physical system, ions move into
solution, whereas their counter ions remain in the particle.The ions in solution are attracted
by the charge on the particles and form the electric double layer. The resulting electrostatic
interaction between two of these particles in our model can be elucidated by an exponentially















exp(−κ (l − 2a)) (6.5)
where a denotes the particle radius and l is the distance between the particle centers. e
is the elementary charge, T the temperature, kB the Boltzmann constant, and z is the
valency of the ions of added salt. The first fraction in the above equation is a correction to
the original DLVO potential, which takes the particle surface curvature into account and is
valid for spherical particles.
CHAPTER 6. MULTISCALE MODELING OF HYDRODYNAMICS OF
PARTICLE-LADEN EMULSIONS 114
6.3 Results and Discussion
6.3.1 Hydrodynamics of Spherical Particles in a Draining Particle-laden
Emulsion System
The behavior of an isolated spherical particle (as shown in Fig. 6.1a, Fig. 6.1b and Fig.
6.1c) (i.e. no interaction with other particles) adsorbed at a fluid-fluid interface in a 2D
chamber and its effect on the interfacial fluid mechanics as function of contact angle needs to
be addressed first in order to understand more complex hydrodynamics involving multiple
particles with mutual interactions. To validate the LBM model of the force exerted on a
moving particle, we have carried out simulations for calculating the drag force FD exerted
on a non-rotating translating spherical particle of radius a moving with a uniform velocity
U through the fluid-fluid interface.The fluid is bounded by two parallel walls at the top and
bottom and translating particle is positioned exactly in the middle of these stationary walls.
The results have been quantified by plotting the drag coefficient CD =
2FD
ρU2D
as a function of
the Reynolds number based on the particle diameter Re = UDν (Fig. 6.2a). The Reynolds
number was varied by changing the velocity of the suspended particle along the x axis. The
diameter of the translating particle was D = 20 and the width of the channel in the vertical
direction was L = 100. The effect on the drag coefficient of periodic boundaries along the
direction of motion of the particle can be reduced by increasing the lattice size along that
direction or by decreasing the particle diameter. The results for the drag coefficient from
the LBM are in close agreement to the published values ([Feng et al., 1994]) for small Re.
for large Re.
The contact angle is found to be a linear function of gw (Fig. 6.2b), which is in agreement
with previously published work [Kang et al., 2002]. As shown in Fig. 6.1a, contact angle,
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(a) Meniscus around a Hy-
drophilic Spherical Parti-
cle, gw = −0.0005
(b) Meniscus around a
Neutral Spherical Particle,
gw = 0
(c) Meniscus around a Hy-
drophobic Spherical Parti-
cle, gw = 0.0005
Figure 6.1: Meniscus around a Single Spherical Particle as function of Particle Wettability
θ is less than 900 when gw is negative, which means fluid in the lower domain tends to wet
the particle surface; θ = 900 indicating that neither of the fluids has the preference to wet
the particle surface (Fig. 6.1b); and θ is greater than 900 when gw is positive, meaning
that the fluid in the lower domain is non-wetting to the particle surface. These particles,
when being neutrally wetting, in an assembly of liquid droplets move to the liquid/vapor
interfacial regions with time as shown in Fig. 6.3a, Fig. 6.3b and Fig. 6.3c. In the absence
of Brownian motion and other hydrodynamic drainage forces, particles, once trapped, will
remain at the liquid-vapor interface. Note that all the times in this chapter are reported
in LBM Units. However, the scaling of the quantities in real units could be done using the
same procedure as reported in Chapter 3.
For our next series of simulations, the initial condition is a collection of 100 randomly-
suspended particles of radius R = 2.5 arranged on a lattice of 217 × 265 converted from
a binarized image collected using the Foam Analyzer (as noted in the Chapter 3). All
particles are initially at rest and are surrounded by either of the fluid phases that is initially
at a uniform density of 1.4. Unlike the neutrally wetting particles used by Stratford et al.
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(a) Drag coefficient on particle at the fluid-fluid inter-
face as function of Reynolds number
(b) Contact angle variation with fluid-particle wall in-
teraction parameter
Figure 6.2: Benchmark Simulations showing variation of Drag as function of Reynold’s
number and correlation of Contact Angle and gw
(a) t=0 (b) t=400 s (c) t=1250 s
Figure 6.3: Neutrally wetting particles adhere to droplet interfaces in a Static Emulsion
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[Stratford et al., 2005] to study coarsening process in bijels, the particles in the present
study are of three different wettabilities, the ones which preferentially wet the liquid phase,
the neutrally wetting particles and the ones which preferentially wet the oil phase and the
liquid phase is draining under influence of gravity. Figs. 6.4a, 6.4b and 6.4c represent the
temporal evolution of the emulsion with hydrophilic particles (gw = −0.0002 corresponding
to contact angle of 00, density of particles ρp = 5). Figs. 6.5a, 6.5b and 6.5c represent the
temporal evolution of the emulsion with neutrally particles (gw = 0 corresponding to contact
angle of 900, density of particles ρp = 5). However, neither hydrophilic nor neutrally wetting
particles are found to reduce the coarsening process of the draining emulsion as they do not
show any preferential attachment to the droplet surfaces. Eventually, some of these liquid
drops coalesce together, causing a further rearrangement of the particles on the droplet
interface as the denser liquid phase drains out due to gravity leading to thinning of the
lamellae and plateau borders in between the droplets and migration of unattached particles
migrating and settling through the bottom of the computational domain. During the whole
simulation time, the droplet sizes increase. Large droplets originate predominantly from
coalescence. Coalescence occurs first in the top region of the emulsions, since films are
thin and the velocity of the fluid is high there. As a result of the large stresses, the
droplets coalesce so that they grow faster and the neutrally wetting and hydrophilic particles
demonstrate minimal effect on the droplet coalescence and emulsion stability.
However, the accumulation of particles at the fluid interface and curtailment of emulsion
coarsening is observed when the particles are hydrophobic in nature as shown in Fig. 6.6a,
Fig. 6.6b and Fig. 6.6c leading to formation of particle-laden oil droplet clusters. The
particles by virtue of buoyancy move to the top of the computational domain as observed
in a flotation process for mineral recovery. Thus, qualitatively accurate results are obtained
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even when the rotational dynamics of particles are neglected since rotation does not change
the representation in the circular particle on the 2D lattice and numerical artifacts in
the particle dynamics related to changing the particle representation on the lattice are
hereby eliminated. However, the coalescence process is not completely eliminated due to the
hydrophobic particles. By coalescence with the other phase in the top, the emulsion system
is shown to lose substantial amounts of the lighter phase as shown in increase in interfacial
area and perimeter distribution of the droplets (Fig. 6.7a and Fig. 6.7b). Surface energetics
is found to play a critical role in the attachment of the hydrophobic particles to the droplet
interfaces leading to selective recovery and can be used to explain the observation in our
multiscale simulations. The adhesion technique developed by Absolom et al. [Behin and
Bahrami, 2012] is based on the ability of a suspended particle to displace the surrounding
liquid and to form an interface with a solid substrate. The free energy of adhesion, ∆Fadh,
can be expressed as
∆Fadh = γPS − γPL − γSL (6.6)
where γPS , γPL and γSL are respectively the particle-substrate, particle-liquid and substrate-
liquid interfacial free energies. For a sphere of radius a, the maximum change in interfacial
free energy is −a2γ(1 − cosθ)2, where a is the colloid radius, γ is the interfacial tension
of the gas/liquid interface, and θ is the three phase contact angle measured through the
liquid phase. When the particle surface is hydrophobic (θ greater than 900), the energy
can be substantially negative and much larger than the thermal energy kBT when a is
order hundreds of nanometers or larger. Hence increasing the particle’s hydrophobicity
is thermodynamically more favorable for TPC (three-phase contact) formation leading to
their preferential attachment to the oil droplets compared to the neutral and hydrophilic
particles. Hence the particles become energetically trapped at the droplet interface when
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(a) t=0 (b) t=50000 (c) t=100000
Figure 6.4: Hydrodynamics of unattached Hydrophilic Spherical Particles in a Draining
Particle-Laden Emulsion, gw = −0.0002
the droplets are bigger than the particle size. Smaller oil droplets tend to spread around
the particle surface by following the laws of adhesion when the particle size is larger than
the droplet size. The permanence of the hydrophilic particles on the surface armors the
interface against coalescence with other surfaces, and generates a resistive surface rheol-
ogy. The actual Laplace pressure across the jammed interface can be detected by a nearby
coexisting free droplet in equilibrium with the particle jammed droplet. At the beginning
of the simulation, the inter-particle distance is large and particles do not interact with
each other. With time, we see that the conventional coarsening process is arrested by the
inter-particle forces exerted by the hydrophobic particles, which modify the liquid interface
profile and radius of curvature, thus Laplace pressure as seen in Fig. 6.6a. When particles
are adsorbed at liquid interfaces, the behavior of particle-covered interfaces could be very
different from that of free liquid interfaces due to inter-particle interaction forces. Due to
the large interface area and electrostatic repulsive interactions, the particles mostly stay
separated without mutual contact in our LBM Simulations.
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(a) t=0 (b) t=50000 (c) t=100000
Figure 6.5: Hydrodynamics of unattached Neutral Spherical Particles in a Draining Particle-
Laden Emulsion,, gw = 0
(a) t=0 (b) t=50000 (c) t=100000
Figure 6.6: Hydrodynamics of preferential recovery of Hydrophobic Particles by Droplets
in a Draining Particle-laden Emulsion, gw = 0.0005
(a) (b)
Figure 6.7: Droplet size distribution as function of time for Hydrophobic Particle-Laden
Emulsion, gw = 0.0005
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Figure 6.8: Schematic of an Elliptical Particle in a Fluid Domain
6.3.2 Hydrodynamics of Anisotropic Particles in a Draining Particle-
laden Emulsion System
In addition to the physicchemical properties of spheres adsorbed at a fluid interface in an
emulsion droplet, he orientation becomes paramount in the case of anisotropic ellipsoidal
particles and the process of adsorption is henceforth more complex [de Graaf et al., 2010].
Moreover the anisotropy of the ellipsoids leads to a more pronounced deformation of the
fluid interface. In this section, we performed simulations of the dynamics of a single 2D
elliptical particle at the interface of a fluid-fluid system using our LBM Method as shown
in the schematic below. The major and minor axes of the ellipse are a and b, respectively,
the width of the domain is L and the angle of inclination with respect to the horizontal
axis is θ. To simulate a single elliptical particle adsorption at the fluid interface, we use the
same computational domain as that of the single spherical particle simulation with a = 8
and b = 2 being the radii parallel and orthogonal to the symmetric axis of the ellipse.The
elliptical particle rotates to orient its long axis aligned with the tangential direction of the
liquid interface to reduce the liquid interface area and minimize the Gibb’s interfacial energy
state which we show for the different contact angles (Fig. 6.9a, Fig. 6.9b).
In the following, we predict stability of draining Pickering emulsions in presence of a
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large number of anisotropic colloidal particles. To simulate a bulk system, we use the
same 2D computational domain 256× 217 grid size and periodic boundary conditions. For
multiple elliptical particle capillary interactions, which depend on the distance and the ori-
entation of the particles, orientational discontinuous phase transitions can be found in our
simulations. Apart from the similar predictions like that of spherical particles where we
observed hydrophobic particles preferentially attached to the oil droplets compared to their
hydrophilic counterparts to minimize the interfacial energy, it is shown that the number
of ellipsoidal particles required to stabilize a fluid-fluid interface decreases with increasing
particle aspect ratio as observed in some of the prior experimental studies [Madivala et al.,
2009]. Furthermore, by comparing the simulation data from spherical and anisotropic par-
ticle hydrodynamics, we see that if the particle number is kept constant and the anisotropy
is increased, the particles can stabilize a larger interface which leads to smaller domain
sizes. Along the lines of the analysis presented by Gunther et al[Gu¨nther et al., 2013], If an
ellipsoid with aspect ratio m and the same volume as that of the sphere is adsorbed at the
fluid interface and reaches the stable point (Fig. 6.9a), the interfacial area is reduced by an
amount of A(m = 4) = 2piab = 2pi4(1/3)a2 compared to that of sphere (A(m = 1) = 2piR2).
The qualitative difference of hydrophobic ellipsoids (Fig. 6.11a, Fig. 6.11b and Fig. 6.11c)
as Pickering Emulsion Stabilizers can be further understood in the time evolution of the
emulsion hydrodynamics compared to the hydrophilic ellipsoids (Fig. 6.10a, Fig. 6.10b and
Fig. 6.10c) has been captured well.
6.4 Conclusions
In this chapter, we have presented simulations of spherical and anisotropic ellipsoidal par-
ticles at fluid-fluid interfaces and made predictions on the stability and droplet coalescence
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(a) Meniscus deformation
around a Hydrophilic El-
liptical Particle, gw =
−0.0005
(b) Meniscus deformation
around a Hydrophobic El-
liptical Particle, gw =
0.0005
Figure 6.9: Hydrodynamics of Elliptical Particle at a Fluid-Fluid Interface as function of
Particle Wettability
(a) t=0 (b) t=50000 (c) t=100000
Figure 6.10: Hydrodynamics of Unattached Hydrophilic Elliptical Particles in a Draining
Particle-laden Emulsion,gw = −0.0005
(a) t=0 (b) t=50000 (c) t=100000
Figure 6.11: Hydrodynamics of Preferential Attachment of Hydrophobic Elliptical Particles
in a Draining Particle-laden Emulsion,gw = 0.0005
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time scales in gravity-driven draining emulsions based on a multicomponent multiphase
D2Q24 Lattice Boltzmann method. For hydrodynamically interacting particles adsorbed
at the liquid interfaces in Pickering emulsion, it is found that particles jamming at liquid
interfaces alter the shape and curvature of local liquid interface. Depending on the value of
the gw (contact angle), the colloids do not attach to the droplet interface, but simply move
through it unhindered into the bulk or get preferentially picked up by the emulsion droplets.
Without inter-particle interaction, the Pickering emulsion droplets would behave like a big-
ger free droplets, which will grow at the expense of the smaller free droplets until the smaller
ones completely disappears. The hydrodynamic interaction force adds to the interfacial ten-
sion to produce greater Laplace pressure to balance the pressure in the smaller free droplets,
thus maintaining diffusional equilibrium. Within our mathematical model, we re-affirm the
strong dependence of the adsorption energetics on the wettability and shape of the colloidal
particle as governing phenomena in Emulsion stability. Our computational model includes
interfacial deformation due to capillary, electrostatic and gravitational forces to determine
the colloidal hydrodynamics. The simulations presented here thus forms the stepping stone
toward obtaining better correspondence between experiments and computational simula-
tions in flotation process of mineral recovery, and thus develop a closer understanding of
colloidal adsorption phenomena in gravity-driven draining Pickering emulsions.
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Chapter 7
Conclusions and Future Work
This thesis concerns primarily the modeling of the interactions between colloidal particles
and fluid-fluid interfaces and extend it to understanding of physics of emulsions and particle-
laden emulsions. Colloidal particles (micrometer to nanometre sized) adsorb strongly at
fluid-fluid interfaces because they reduce energetically costly fluid/fluid interface area. Once
adsorbed at an interface, colloidal particles interact via various physical forces. One such
type of interaction, capillary interactions, emerge because particles which deform the fluid-
fluid interface leading to excess interface area. The particles minimize this excess interface
area by overlapping their respective interface deformations. Many foam-based products
suffer from drainage, coalescence and/or disproportionation. The aim of this thesis is to
further derive and solve mathematical models for the flow of liquid in draining emulsions
and particle-laden emulsions and analyze the factors which govern the Pickering emulsion
stability and microstructure evolution and correlate with experimental observations.
Chapter one examined the translation and rotation of a spherical colloid straddling the
(upper) air/liquid interface of a thin, planar, liquid film bounded from below by either a
solid or a gas/liquid interface. Numerical solutions using Finite-Element Method based
CHAPTER 7. CONCLUSIONS AND FUTURE WORK 126
COMSOL Multiphysics were obtained for the hydrodynamic flow in order to understand
the influence of the film thickness and the lower interface boundary condition. When the
colloid translates on a film above a solid, the viscous resistance increases significantly as the
film thickness decreases due to the fluid-solid interaction, while on a free lamella, the drag
decreases due to the proximity to the free (gas/liquid) surface. When the colloid rotates,
the contact line of the interface moves relative to the colloid surface. If no-slip is assumed,
the stress becomes infinite and prevents the rotation. Here finite slip is used to resolve the
singularity, and for small values of the slip coefficient, the rotational viscous resistance is
dominated by the contact line stress and is surprisingly less dependent on the film thickness
and the lower interface boundary condition. For a colloid rotating on a semi-infinite liquid
layer, the rotational resistance is largest when the colloid just breaches the interface from
the liquid side.In the first chapter, the differences in the behavior of the drag and torque
coefficients for colloids on the surfaces of solid-supported liquid films as opposed to free
lamellae as the film thickness decreases leads to a fundamental difference in the dependence
of the colloid translational velocity U and rotational velocity Ω when subject to an external
force F .
In Chapter 2, we focused on the hydrodynamic motion of particles floating on a fluid
interface in the limit of a zero Boussinesq number. Specifically, our interest was in elucidat-
ing pairwise hydrodynamics at an air-water interface as a first step toward understanding
the effect of interfacial flow on particle assembly. We envisioned that the primary use of our
study was to implement accurate simulations of the particle chaining and assembly process
in an effort to understand how the inter-particle forces can be integrated in a rational way
to develop a desired reconfigurable material. We predicted the inverse mobility coefficients
for the pairwise hydrodynamic interaction between two particles on a surface as function of
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particle wettability for four different modes of motion and found it is dramatically higher
for hydrophilic particles than the hydrophobic ones when the particles are nearly touching.
We furthermore studied the dielectrophoresis driven assembly of conductive or dielectric
particles straddling the surface of a dielectric fluid, and in particular, simulate the dielec-
trophoretic force-driven attraction of a pair of spherical colloids using a Continuum Finite
Element Model based on COMSOL Multiphysics. An electric field is applied along the
interface, in an arbitrary direction relative to the axis joining the colloids. The field po-
larizes the particles causing them to orient in a direction aligned with the field and merge
by dipolar attraction. We calculated the dynamics of this alignment and merging by as-
suming Stokes flow and equating the hydrodynamic drag forces on the particles with the
dielectrophoretic force derived from a solution of the electrostatic equations. The hydro-
dynamic drag forces accounted for the partial immersion of the particles into the liquid
(oil) phase and the hydrodynamic interaction of the particles. The dielectrophoretic forces
were computed by solving for the electrostatic field, and computing the Maxwell stresses
on the particles due to the field. From this two-particle problem, we can extend our study
to programming flexible colloidal chains on the surface and complex patterns or granular
rafts by combining field-directed assembly and capillary effects.
In Chapter 3, we present a systematic two-component 2D lattice Boltzmann model
with frustrated-short range attractive and mid/long-range repulsive-interactions for the
treatment of emulsion hydrodynamics and determine the time-scale for film rupture and the
shear stress developed in such free-surface flows. Numerical simulations of confined as well
as free-flowing flows in emulsions under gravity were performed with our multicomponent
model and successfully tested for emulsion lamella and plateau borders. Simple verification
tests demonstrated the correctness of the algorithms. The key feature of our model is the
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capability to investigate the 2D emulsion evolution on scales of hydrodynamic interest at an
affordable computational cost. The hydrodynamic effects have been illustrated for the case
of gravity-driven and sheared emulsions under confinement. The simulations provided clear
evidence of non-Newtonian behavior at increasing packing fractions of the droplets marked
by morphological transition. A clear evidence that LBM with multi-range potentials can
capture some non trivial dynamical aspects of soft flowing materials like emulsions both
theoretically and numerically has been demonstrated.
In Chapter 4, we have elucidated the spontaneous generation and hydrodynamic flow
of foams within microchannels. A flow focusing microfluidic device was used to create a
monodisperse train of bubbles and was directed into a chamber to form 2D Foams. Different
types of monodisperse foams were generated in which two bubbles, three bubbles, or more
spanned the channel width as a function of gas and surfactant solution flow rates. Further-
more, the active manipulation of the collecting chamber leading to high speed visualization
of foam break-up or coalescence while draining was performed. Mesoscopic simulations of
two-dimensional wet foams based on binarized images of foam drainage collected in the
experimental set-up also demonstrate agreement to our experimental findings in terms of
foam height. However, in microfluidic drainage experiment, an important factor is the cou-
pling between the bulk and surface flows in the foam plateau borders and nodes and can be
easily tuned by the surfactant and the liquid viscosity. So, physical chemistry matters, but
such effects are less significant [Saint-Jalmes, 2006]. The liquid velocity is actually much
more varied by changing the bubble size than the interfacial viscosity as observed in the
experiment.Therefore, we have ignored the interfacial viscosity in our mesoscopic simula-
tions without the coupled effect between drainage and coarsening which is present in the
microfluidic experiments.
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Finally in Chapter 5, the Lattice Boltzmann Model from Chapter 3 has been extended
to capture the topological changes in multiphase emulsions with particles suspended within
the liquid phases in a Hele Shaw geometry. The model was first validated by simulating
the dynamics of a single suspended spherical or elliptical particle on a planar liquid-liquid
interface. As the fluid drains out, the wet to dry emulsion transition is observed with droplet
deformation, coalescence and eventual collapse with the emulsions start breaking at the top
of the cell. However, this transition and droplet coalescence process is drastically reduced in
presence of particles of varied hydrophobicity. The effect of short-range structural repulsion
forces along with Van-der Waals Attraction and Electrical Double layer repulsion forces in an
extended DLVO theory was further investigated for particles dispersed in the emulsion. The
displacement of less hydrophobic by more hydrophobic particles in the emulsion and their
preferential attachment to droplets leading to their dynamic rise in the Hele-Shaw geometry
against gravity was attributed to the lower interfacial energy and higher film surface area due
to reduced droplet coalescence. These results are relevant for the development of a complete
knowledge base of the mechanisms of froth flotation that operate in mineral processing. As
in flotation process, the froth structures determine the appearance of the mineral species
depending on their degrees of wettability.
7.1 Future Work
The simulation methodology reported in this thesis has shown promising capabilities to cap-
ture hydrodynamics of colloids at fluid interfaces and microstructural changes in draining
emulsions and particle-laden emulsions under external inertial flow and the results match
qualitatively with experimental and theoretical results in the literature. The outcomes of
this study show that this simplified reproducible simulation methodology can be used as a
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basic model to simulate more complex rheology in particle-laden emulsions and foams and
structural deformation at fluid-fluid interfaces. A future line of study can be focused on uti-
lizing this introduced simulation methodology to investigate impacts of various underlying
flows on irregular and heterogeneous colloidal particles at fluid-fluid interfaces. Also, ex-
ploring structural formation and deformation of particle aggregation at fluid-fluid interfaces
of emulsions and foams under different hydrodynamic conditions can be addressed as well.
Deformation under external shear flows plays an important role in governing structural re-
arrangements at a fluid interface. Also, in coalescence of droplets in Pickering emulsions,
dilatational deformation at the interface stabilizes droplets with low or inhomogeneous par-
ticle coverage [Vignati et al., 2003] which was not addressed in the current thesis. We
performed some preliminary simulations for hydrodynamics of heterogeneous and irregular
particle leading to contact-angle hysteresis at the fluid interface below that can be extended
and addressed in another study using this simulation methodology.
7.1.1 Hydrodynamics of Single Elliptical Heterogeneous particle deform-
ing a Fluid Interface
On rough solid surfaces, no equality between advancing(θA) and receding (θR) contact
angles exist. Thus, all contact angles on rough surfaces do not make sense in terms of
Young’s equation. The apparent contact angle values of rough surfaces do not reflect the
surface energy of the particles.The contact angle hysteresis (θ) is the difference between
the advancing (θA) and receding (θR) contact angles and is used to characterize surface
roughness and heterogeneity. The contact lines remain fixed if θA < θ < θR. However, if
θ ≥ θA, the contact line moves forward; if θ ≤ θR, the contact line moves backward. LBM
Simulations showing temporal evolution of the fluid interface around a Janus heterogeneous
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(a) t=0 (b) t=5000 (c) t=10000
Figure 7.1: Hydrodynamics of heterogeneous elliptical particle
particle (with two different values of gw) is shown in Figs. 7.1a, 7.1b and 7.1c.
However, the coupling between the contact angle and the dynamic adsorption adds
further complication to analyzing contact angle and hysteresis. This complicated aspect
of contact angle, surfactant, adsorption layer and inclusion of hydrophobic and hydration
forces due to structuring of water [Israelachvili and Wennerstro¨m, 1996] at the solid surfaces
bear more relevance in flotation theory and deserves a more in-depth study to the interesting
topic of physicochemical hydrodynamics of rising bubbles and droplets.
7.1.2 Hydrodynamics of Multi-irregular Particle Single-Droplet Interac-
tion
For more complex shapes of the particles, such as square-shaped particles, irregular particles
and so on, the equilibrium position and orientation of the particle at liquid interface is a
nontrivial problem concerning the wetting of edges. Our numerical calculations of particle-
laden flows in emulsions are based on the assumption that the emulsion comprise either
spherical or elliptical particles only. In practice however, particles are mostly irregular in
shape and therefore the spherical particle approximation cannot be true. Prior to the flow
simulations irregular particles were randomly generated by first lumping together a certain
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(a) Irregular particle foam
in the less dense phase
Figure 7.2: Hydrodynamics of Irregular Particle lump interacting with a Droplet in the
bulk fluid
number of small spherical particles to form some kind of agglomerate similar to the approach
reported by Sommerfield et al. [Sommerfeld and Qadir, 2018] as shown in Fig. 7.2a.
A particularly interesting phenomenon is non-spherical particles of general irregular
shape adsorbed to curved liquid interface, which would locally deform the interface into
undulated profile around the particle because the contact angle cannot be satisfied along
the entire contact line without distorting the liquid interface, leading to lateral capillary
forces between the particles. Such a simulation study demands significantly more computing
power and will be reported in future works. Furthermore, another important direction would
be to extend the ability of our computational model to simulate fluid components with large
contrasts in fluid densities and viscosities, e.g. water-air systems (foams) [Connington et
al., 2015].
The microfluidic setup we developed gave us new insight into the physical mechanisms
governing the destabilization of a monodisperse foam. However, there is still valuable in-
formation to harvest from the experiments presented, but the very simple air/water-SDS
composition used remains a model system. The next step would be to work with more
complex physico-chemical formulations, closer to those used in real industrial applications.
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Our system gives very precise information on the foam destabilization via coarsening and
Ostwald ripening. The first natural experiment to investigate would be to study the chem-
ical formulations traditionally used to block Ostwald Ripening. A common method to stop
Ostwald ripening is to add a small amount of water-insoluble gas (typically a perfluoro-
carbon) in the bubbles. The insoluble molecules can stay in the bubbles and create an
osmotic counter-pressure that can curtail Oswald ripening. A very low concentration of
insoluble gas may stop the evolution of the foam. Our system would thus allow to tune the
concentration of blocking gas, as a function of the desired structural order of the final foam.
These experiments could easily be adapted to the study of solid/iiquid/gas dispersions like
particle-laden foams or solid/liquid/iiquid dispersions like particle-laden emulsions. Such a
setup could also be used to monitor the ripening of a population of colloid-armored bubbles
and droplets, in order to observe the arresting of Oswald ripening by the colloidal shells, and
thus verify the conclusions that we drew on the stability of particles-stabilized emulsions
in Chapter 5. Both the experimental and theoretical studies reported in this thesis could
readily be generalized to more complex particle interactions and shell structures. The effect
of particles of other shapes like plate-type and heterogeneity on the stability of pickering
emulsions are yet to be investigated. The effect of pH, hydrophobic forces due to structuring
of water and surfactant type which comprise the general physico-chemical characteristics of
the emulsions and foams have not been taken into account in the current multiscale model
but can be used as a platform for future studies in this area like packing and aggregation
of proteins at oil/water interfaces [Patra and Somasundaran, 2014]. We conjecture that
the particles would provide enough rigidity to microemulsion and nanoemulsion systems
to allow the establishment of a stress bearing interfacial particle network. This network
eventually would stop Ostwald ripening in oil-in-water emulsions based on some previous
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reports in literature [Wooster et al., 2008].
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